CYCLIC INNER FUNCTIONS IN BERGMAN SPACES*
Joel H. Shapiro

{ Not for publication)

1. INTRODUCTION. Recently Boris Korenblum and James Roberts (21’73, -C”‘i'j)

(independently) solved a problem in function theory that had been around for
about fifteen years. These notes describe the problem, its solution, and some
applications.

For 1l=p<e and o>-1, let Ai; denote the space of

functions f holomorphic in the open unit disc U for which
P p
gy o = S/ 1E@]" - 12)® dxdy <o
’ U

The norm

}' D, makes AI'; into a Banach space called a (weighted)

Bergman space. The forward shift S, defined on Ag by

(Sf) (z) = zf(z)  (f in Ag, z in U)

is a bounded linear operator on Ai; . A challenging unsolved problem is to
describe the closed subspaces of AI; that are invariantunder S . A

special case of this problem—also unsolved—is to describe those £ ¢ AZ

" Based on lectures presented in the Analysis Seminar, University of

Wisconsin-Madigon, July 1980,
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that are ¢cyclic (for S, on AZ); that is, those f for which the subspace
{pf: p a polynomialin =z}

is dense. Note that for £ ¢ Ai , the closure of this subspace is the
smallest closed subspace of Ag containing f and invariant under S.

1f AZ is replaced by the Hardy space I—Ip , (in some sense the

limiting case of Az as @ — -1) then the cyclic vectors are known:

they are precisely the outer functions in Hp . This is part of Beurling's

famous invariant subspace theorem for Hp . In particular this implies that

p’ then f 1is cyclic in I—Ip . Itis not

ifboth £ and 1/f arein H
known if this last result is true when HP is replaced by Az + this gives

an idea of how far we are from having a characterization of cyclic vectors in

sz (but see [1], and [14; pp. 111-115] for some partial results on this problem).

What Roberts and Korenblum have done is to complete a characterization,

begun in 1967 by H. S. Shapiro, of the cyclic inner functions in Ag . To see

what is involved, first observe that for each 2z in U the linear functional
. P
f-—- f(2) {f in Ag)

is continuous on Az , soif f wvanishes at scome Z, in U, then so does
every member of the closureof {pf: p a polynomial} . Thus if £ is cyclic
then it cannot vanish anywhere on U . In particular a cyclic inner function

must be singular, that is it must have the form

24w
Z ™ W

(1) Sp(z) = exp { [ ()}
s
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where u is a positive finite Borel measure on the unit circle T that is
singular with respect t0 Lebesgue measure on T .

So the problem is: characterize those positive gingular measures u

on T for which Sp is cyclicin A; . The solution, which occupies

most of what follows is: Sp is cyclic if and only if u places no mass

on any Carleson set. Carleson sets are certain thin subsets of T : they will

be discussed shortly. The necessity of this Carleson set condition was proved
by H. S. Shapiro in 1967 [12; Theorem 2] . His proof occupies section 4
(along with an introduction to Carleson sets). The sufficiency of this condition
was proved in 1979 by Roberts. Korenblum recently informed me that he has
actually known the result for several years: it follows from the work in his
paper [7] . Here we present Roberts’ proof, which seems more accessible
(even though its starting point is the guantitative statement of the Corona
Theorem!). The characterization of cyclic inner functions leads o an interesting
factorization theorem, which is described in the last section.

Finally, it turns out that only certain elementary properties of Bergman
spaces figure in the proofs, so the resulis actually hold in a more general

setting. This is described in the next section.



2. GENERAL SETTING FOR THE PROBLEM. From now on B alwavys denotes a

complete metrizable topological vector space whose elements are functions
holomorphic in U, and whose vector operations are the usual pointwise
operations. We further assume that convergence in B implies uniform
convergence on compact subsets of U, and that the metric of B is induced
l .

with the following properties:

by a quasinorm That is, |+ is a non-negative functionon B

Q1  JIfl=0 <=> f=0 on U
(Q2) There exists C > 0 such that
1£+all =cdzl + lial)
forall f,g e B.
(Q3) Jlaf]] = |al ||f]l » all fe¢B and aeC .

.

The Bergman space Ai in the quasinorm

is an example of
D,o

such a space B, evenwhen O0<p< 1.
We will also assume that B obeys the following additional conditions:
(B) HCB
{B2) The polynomials are dense in B

(83) If feB and ge H , then fgeB and |fgl = |f] {of

(B4) If (g,) isa uniformly bounded sequence in H” which tends

to zero pointwise on U, then | gnf]l -0 in B.

2.1



According to (B3} the shift operator § (= multiplication by z) defined in
section ! is a continuous linear operator on B; and it follows from (B2) and

(B3) thatif f ¢ B then

[f] = closure in B of {pf: p a polynomial}

is the smallest §-invariant closed subspace of B containing f . We call
feB cyclic (for 8, in B) if [f] =B

We are going to prove the following results. From now on, p is
always a positive finite Borel measure on the unit circle that is singular with
respect to Lebesgue measure, and Sy is the singular inner function defined

by formula (1} of section l.

THEOREM N . (H. S. Shapiro [I12, Theorem 2]). Suppose in addition to

(Bl) - (B4) the space B satisfies:

(B5) There exists @ = «(B) > 0 such that foreach f ¢ B with

f{z)= z anzr1 R
0
la | = cllf] @+)* n=0,1,2,) ,

where C = C(B) is independentof f and n .

I Sp 1is cyclicin B, then p(K)=0 for every Carleson set K .
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THEOREM 8.  (Korenblum 1977, Roberts 1979).  Suppose in addition to

(Rl) ~ (B4), the space B satisfies:

(B6)  There exists p= B(B) >0 suchthat |z"| = n~P for

n=2,3, 0 .

If w(K)=0 for every Carleson set K, then Su is cyclic.

Tt is not difficult to check that the Bergman spaces AZ

{0 < p<wx, a>=1) all satisfy conditions (Bl) - (B6).

.3
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3. PRELIMINARIES. Suppose the space B satisfies conditions (Bl) - {(B4) .

Here are some simple, but useful consequences.

PROPOSITION 1. Suppose f e B

{(a) If f 1is cyclicthen f{ never vanisheson U .

{b} The following are equivalent:
{i) f is cyclicin B
(i1} pnf - 1 in B for some sequence (pn) of polynomials

(iii) gnf—»l in B for some sequence (gn) in HOO .

Proof. {a) We are also assuming that convergence in B implies uniform

convergence on compact subsets of U, soif f wvanishesat =z, € U, then

0
so does every member of [f].

(b) The implications (i) — (ii)-» (iil) are obvious, and (iii)— (i)

foliows immediately from:
LEMMA 2. The polynomials are B-dense in HY .

Proof. For fe H  there exist polynomials (p.) with [p = | f
— n n“ oo ! oo

and pn—»f pointwise on U . For example, take P, = ;r;g-:1 arithmetic

mean of the partial sums of the Taylor series of £ . By (B4), pn-—»f in B .

PROPOSITION 3. Suppose g is an inner function.

(@) I gyla then [q] C [qp]

(b) If g is singularand g> 0, then: g is cyclicif and only if qE is cyclic.



Proof. (@) Write g-= dg 9 where q is inner. Choose polynomials P,

such that Hpnllm =1 and p, —q; pointwiseon U (as in the proof of
Lemma 2) SO P_gg—d in B by (B4), hence q ¢ [qo] .

(b) We need only consider 0< g <1. I g is cyclic then sois
qs, by part (&) . Conversely, suppose qs is cyclic. Then 1 ¢ [q‘g] .
thatis, 1 is a limitin B of polynomial multiples of a® . By (B3),
qs—: is therefore a B -limit of polynomial multiples of ng s hence
B=[g%] = [qz 8] . Continuing in this fashion we obtain B = [qna] for

each positive integer n . When n=z=1/e we have [qne] C [qg] by

part {(a), hence g is cyclic.

PROPOSITION 4. ({"Continuity of distance”™). Suppose By s B are

positive singular measures on T , and unf w . Then foreach f ¢ B:
disty (£, [Sp 1)} disty (£, [Su])
Remark.  Here disty (f,X) = inf {| f=x|] : x ¢ §} where X C B.

COROLLARY. If w_tu then M [Su ] = [Su]
n

Proof of Proposition. By Proposition 3 (a) we know [Su_ ]2 [Sp ]2 [Su]

(since S}LnlSunHi Su) so dn = distB (f, {Spn]) is certainly an+increasing

function of n, and d <d=dist(f, [Sp]) foreach n. Fix e, +0 and

choose a polynomial gn so that

If-g Sp ll=d +e, -



Write p = pgt Vv 80 v is a positive singular measureon T , and

n’ n

HSvnf-"gnSuH = HS\anf“gnSanvnH
= {f-g,8u [l (by (B3))
sdn+ €, -

Therefore :

d=lt-g sl

IA

£~ sv £l + ksv £-g Sul

= lf-sv fll +d +e,

But v 10, so Sv —1 pointwiseon T, hence [f-Sv fll—0 by

(B4) . Thus d=limd
non



4. CARLESON SETS AND PROOF OF THEOREM N.

4.1. Boundary zeros of smooth analytic functions. In this section {and

forever after), m denotes normalized Lebesgue measure on the unit circle T,

and A denotes the disc algebra: those continuous functions on the closed

unit disc which are holomorphic on the open unitdisc U. I 0#ZfeA ,

and K is the boundary zero setof f :
K={wem: f{us)=0},

then K 1is a compact subset of T. Moreover m({E)= 0, since the

analyticity of f forces

(1) frﬂ_‘ log * f{w) ] dm({w) > ~w .

Conversely, it is a theorem of Fatou [5; page 80] thatif K is a closed
subsetof T with m{K)= 0, then there exists f ¢ A whose boundary

zero setis K : infact { can be taken to be an outer function.

However if we assume in addition that { satisfies a Lipschitz

condition
@) [ £(w) - £(w) ] = M| @y = w, |
] 2 1 2
where M, a« do not depend on wys wy € T : then the situation is different.

To see what happens, suppose 0Z f e A, and f satisfies {(2). Let K

be the boundary zero setof f , and for o ¢ T write

def
(3) pg (w) = dist (w,K)=inf {Jw=-w'| 1 &' € K}

4.1



Then given ¢ ¢ T, choose 'e K so that Pylw) = lw =

Lipschitz condition (2) :

| £(w)]

. By the

= [f{w) = f(w")]
=Mlw-=- o]

= MPK({O)

Substituting in (1) we obtain the following additional condition on X

{beside m(K)=0):

(4) 1
fzr og p

This observation is due to Beurli

K dm > -~

ng [2], and motivates:

DEFINITION. A compact subset K of T satisfying (4) is called &

Carleson set.

So the boundary zero set of a nontrivial f ¢ A with Lipschitz boundary

function must be a Carleson set.

converse :

Carleson's contribution is the following

CARLESON'S THEQREM [3; Theorem 1] . Suppose K C T 1is a Carleson set

and n is a positive integer.

Then there exists an outer function f ¢ A

with n times differentiable boundary function such that

K={weT: f{u)=0}.

Remark. By replacing f by its n+l gt power we can also insure that

KC{w e T: f(j)(w)= 0} for
. th

0=<j=n. Here (and henceforth) f(J)

denotes the j= derivative of the boundary function.



Clearly every finite subsetof T is a Carleson set. To get nontrivial

examples, the following is useful (and easy).

PROPOSITION. Suppose K is a compact subsetof T , and T\K=UJ In s
e

the canonical decomposition of T\K into an at most countable disjoint union

of open arcs. Then K isa Carlesonset <= m(K)=0 and

1
m{I_) log < o
%: n m(In)

EXAMPLES. (a) The Cantor middle~thirds set is a Carleson set (use the
Proposgition).

{b) Every closed subset of a Carleson set is again one (use the
definition).

(¢} There exist countable closed subsets of T Whicl:l are not
Carleson sets. For example take K= {wn}loo U {1}, where wy, = e1 Qn R
2w > enl 0, and en+l - Gn ~—t .  Then use the Proposition.

n (log n)
The next section contains an elegant proof, due to Korenblum, of a

OO
"C  wversion" of Carleson's Theorem. Right now, however, we want to show

how Carleson's Theorem vields Shapiro's Theorem N .

Proof of Theorem N. Condition (B5) insures thatif m 1s a positive

integer > @+2 (say) and g ¢ C‘(m) {IYy, so gl{w)= Z bn W’ with
00

lbnl = 0(|n| , then the eguation

up38

?&g(f)=n

nn n

a_ b (f(z)zZa zn, feB)
0 0

defines a continuous linear functional on B .
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Now suppose K is a Carleson set and pu is a positive singular
measure on T with w(K} > 0. We will show that there ig a nontrivial
continuous linear functional kg as above which annihilates [Su] .

Suppose first of all that u  is actually concentrated on K. By

Carleson's Theorem there exists an outer function ¢ e A, not =0 on K

for 0=j=2m . Taylor's theorem implies that

o (= 0(p (P

as w— K, for 0=j=2m, soiffcllows from Liebnitz' formula and

elementary calculations that the function ¢ defined by

[ 5oTo Sule) (o € T\K)

g(w)ﬂz
{\ 0 {w € ¥K)

is m times differentiable on T, and therefore defines a bounded linear

functional )xg on B. Atleastfor f ¢ HOO we can write

rg(£) = [m £(w) 9 (@) dm(w)

where f(w) 1is theradial limitof f at . Thusfor n=0,1,2,"" " ;

we have

)

Y (z" S ) " S1(w) O () dm(w)

M o) dm(w)

f
T
b

i

/q; (= (n+l)) (Fourier coeff.)

=0 since ¢ ¢ A .
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Thus ;=0 on [Sul «

To see that Kg is not trivial; suppose otherwise. Then for

n= 0,1,2,,--; :
0=xgz") = & o™ 9Te) dm(e)
= [ ™ o(w) Falw) dm(w) -
iy

Soif h= “ép ¢ on T , thislast calculation shows that h is the boundary
function of an H  function—still called h . So ¢=S8Suh a.e. [m] on
T, and since all functions involved are in H s we have ¢ = Suh on
U . But this contradicts the fact that ¢ is outer. Thus ?Lg 0 .

Finally, suppose that we only know p(K) >0 . Then p=v+ 0o
where v 1is concentratedon K. So Su= SvSO' { ¢ a positive singular
measure) so by Proposition 3(a) of sec. 3, [Su]C [Sv] . By the last

paragraph, [Sv] # B, and the proof is complete.
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5. PROOQF OF CARLESON'S THEOREM. In this section we prove a refinement

of Carleson's theorem which has been obtained by a number of authors [8], [9],

[10}, [15], [16] . The proof below is due to Korenblum [6] .

THEOREM. If KX 1is a Carleson set then there exists an outer function f{ ¢ A

with infinitely differentiable boundary function, such that K is the (boundary)

zero get of f, and each derivative f (3) (j=1,2,++-) also vanishes at each

point of K .

Proof. The idea ig to construct a function H holomorphic on U, which has

positive real part, and satisfieg the following additional conditions:

{H1) H is holomorphic, with positive real part, at each point of T\K .

Re {ij)}
(H2} - oG pla) = ° as

w— K

k

(H3) Foreach n >0 there exists k > 0 such that H(n) (w)= 0{plw) )

a5 w—K
(H4) H(z)= [ 2Z {Re H(w)} dm(w)

foreach =z ¢ U .

H

Once H is found, then f=e is the function we seek. For

clearly f is bounded on T : holomorphic, bounded, and never zero on

T\K (by (H1)). From (H2) we have for each n > 0 :
[£(w)] = 0(p(w)) as w—K,

and this, along with (3.3) insures that
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(5) W) = 0(p(™  es w—K
for each n,m = 0. Thus the function ¢ definedon T by

f{w) w € T\K
?lw) =

0 wﬁK

is infinitely differentiable on T , and coincides a.e. [m] with the radial
limit function of f. Since f is bounded on U, itis the Poisson integral
of o, hence f e A and ¢ isits boundary function. Since (5) also implies
that (P(n) =0 on K, we geethat { has the desired properties.
I is outer by (H4).

In constructing H it is convenient to let |I| denote the
(non-normalized) arc lengthof I , and p(w) the "arc length distance"
from w e T to K. Then if we write the canonical decomposition of T\K

into disjoint open intervals as T\K = ) In , the hypotheses on K are:
n

(6) Yoltgl=2m, N lrlleg iy <
n

The first task is to decompose each In .
For n fixed, write In as a countable disjoint union of semi-open

intervals {}n k}k-l such that
, =

(7) 7, ¢l = f  ple)=3 sup p(w)
’ w € }n,k w € In,k

This is easy: the point is that for each « in In K ? plw) 1is
»

comparable with [J | . We claim that:
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1
(8) B | log 7T < o
nzk n,k In,k

’

To see this, observe that for each fixed n

1 _ —
{ log ooy dm(e) = ) [ log (5rzy) dm(w)

n k In,k
1
=) [ log GTF—T) dm(w)
k Ty, “Hn,x

So (8) follows upon summing both sides of this last inequality on n , and

using the definition of Carleson set (f log %)- dm < ) .

“n,k” "n,k %n.k

wn,kzmidpointof In,k and Tn’k:l»l-m(}n’k). Let

Now we begin to construct H . Let where

@ (Z):M
n, k &nk—z

2

50 %n,k is holomorphic in the disc |z| < Tn,k * with positive real part.

A routine calculation with Poisson kernels, using the definitionof =

n,x?
shows
(9) Re ¢ . (w) =24 all w €]
n,k ‘In k[ ? n, k

where M is independentof n,k,w .
At this point it is convenient to forget about the intervals (En) R
and renumber {J }, {e }, etc. as ordinary sequences :
n,k n,k

{In}’ {qpn}, «++ . Then (8) becomes



; 1
E 11,1 log N < o

S0 3 xnfoo such that
Y a 17 log = < w
n '’n hn]
Set
H(z) = ), {x_ | T | log 1t} o (2)
; n'‘n Hnﬁ n

Then the series converges uniformly on compact subsets of C\K to a

holomorphic function H which satisfies condition (H1).

H satisfies (H2) . Forif w e }n’ then

Re H(w) = A, | In | log !%l_ Re ¢ (w)
n

= Mx, log Ti;T (by (9))

- 1 . iax
= C kn log s {definition of In } .

Since « passes through infinitely many In on the way to any point of K,

we have proved (H2).

H satisfies (H3) . Suppose w € :E\ K. Write By = Ap !}kl log--i-;—-i—
n

We have for each n=1,2,---
(n) (n)
H (w) = Z Kk ka ‘?k (w)

But

5.
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{(n) n n
loy " ()] = nil = n+l °?
lTk"wi plw)
e
(n) n o
H (0] = —2 ), &
p(w)n+l i k

which proves (H3).

Finally, {(H4) follows from the fact that each P has the desired
1
(

Qo
representation, with {Re (pk} , a bounded subset of L ('T).

This completes the construction of H , and the proof of the

Theorem.
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6. ROBERTS' PROOF OF THEOREM S .

6.1. Preliminary results. These are all well known.

6.1.1. Growth of Poisson integrals., Suppose u is a positive, finite Borel

measure on T  with modulus of continuity wp :

w“(6)= sup {u(I): m(I)< &, I asub-arcof T} ,

where as usual m = normalized Lebesgue measure on T . Let P[p] = Poisson

integral of p .

LEMMA [1l; Theorem 2 and following "Remark”] . For each % =r<1,
0=86<2n
. 9w (l-r)
ig H
p [Pl] (re” ") = 1-r

Qur interest in this Lemma is the following:

COROLLARY. Suppose p as in the Lemma is also 1m . Then for

é:ﬁr<1 and |zl =r, we have

9wu(l“1')
Sp(z) = exp {~ —p—1} .
In particular, if wH( §) = C (6 log %—) for some 0 < & = % s then

9C

[Su(z) = (1-z]) (lz] =1-8) .

Proof of Corollary. For |zi =1-8 the result follows immediately from the

H

Lemma. But Su never vanishes, so the result for }zl <t~ 8 follows upon

applying the Maximum Principle to S_lfi .



Proof of Lemma. Fix jé- =r <1 and choose a positive integer n so that

..(nJr.‘t)m1 =l-r<nt. Tet

- {eit: 2nk << Z’rrgk-l-l!}

I n+l o n+l

k

so m(I,)= (n+l)—l . It is enough to prove that

Plu] (r) = Jw(l-r)

l-r

Now

27
P[] (r) = fo P (1) du(t)

where
l--rZ
2
]~2rcost+r

Pr{t)z

{the Poisson kernel). By standard calculations:

0< P ()= () (;]i-ar<1)
2 1
(1-r)" + ()
so for eit in Ik:
Pr(t)< (-0 2 < 1‘-?‘—1" l 2 :
2,k LK
(1-) "}“(n+i) +4

S50
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n
Plal(n = ), [ P(v) du(p
k=0 Ik
n
< Z 2 [-L(Ik}
I-r 2
k=0 1+ &
4
1
G §
I R x='o K2
l-i»"z"
2w (l-r) o 1
= —p Y
L-r 2o 0 %4
I I
4
But the sum on the right is =
0
1+ f dx = 14w < d5
0

and this completes the proof.

6.1.2. THE CORONA THEOREM. There exists k¥ > 0 such that:

whenever f,++,f H with 4] =1 forall i, and

lfll +....;_!fn]~>:6 on U, where O<65%, then there exists

. o . - K
g}_:"',g in H with Hgi”oo— &

n and f1g1+'--+fngn£1 on U.

Remark. The original proof of the Corona Theorem, due to Carleson, is very
complicated. However there is now a "simple" proof, due to Thomas H. Wolff.
Although Wolff never published his proof, there have been a couple of exposi~
tions circulated around (see [13], for example), and a proof will be published

in Paul Koosis' forthcoming book on Hp theory.
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6.2. Distance estimates. For the rest of this section we assume—in addition

to (Bl) - (B4), that the space B satisfies condition (B6). u f{or p.n)
always denotes a positive, finite Borel measure on the unit circle, singular
with respect to Lebesgue measure, and Sp is the singular inner function

associated with p by formula (1) of section l.

Qur goal is to show that S8Sp  is cyclic whenever . places no mass on
any Carleson gset. By Proposition 1 (b) of Section 3, 8Sp is cyclic
iff 1 ¢ [Sp] . This suggests that we try to express the distance in B from

1 to 8u interms of properties of p .

Notation. For the rest of the paper:
C=8/27r and N:max(z,aii/gc)

where £ 1is the constant in (B6) and « 1is the exponent in the Corona

Theorem.

FIRST DISTANCE ESTIMATE. Suppose n = N is a fixed positive integer, and

Ly = ~logn
‘“}L(n)_c n

I1-9s, 1y = 02

Before giving the proof, let us note the following consequence, due to

H. S. Shapiro (1967).



WEAK SUFFICIENT CONDITION FOR CYCLICITY ([12; Theorem 1]}. If

0, (6) = 0 (5 log 1) as s—0+, then sSp is cyclic.

Since there exist singular measures with modulus of continuity 0(6 log :51-) R

we see (for the first time) that at least some inner functions are cyclicin B .

Proof of First Distance Estimate. The idea is to obtain a lower bound for the

quantity |Su! + |2"| , and then apply the Corona Theorem (for two functions)

. n
with f1= Su o, fZ:z

By Corollary 6.1. we have |Su{z)| = 29 for lz] = 1-%

and for 1—%s!z}<1 we have, since n= N :

n 2
1 1 -9C
2 = 0-2) =qa-3) =27,
hence
1Sp(z) + 7] =n77C (z in U)
We apply the Corona Theorem with & = n—-gC {(which is = ?1%' because
n=N= 41/9C) , and obtain g, g, ¢ H  with | giﬂm < n?#C

(i=1,2), and g¢;Sp+zg,=1 on U. Thus:

l1-gsulp = l27g, 0
=z o, (by (B3))
< B %€ by (B6))
= n25/3 {(choice of C) .
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The key to Roberts' proof of Theorem S is the following improvement of
the First Distance Estimate. For notational convenience, whenever (ni} is
a finite or infinite sequence of positive integers, write

def n +-+n,_, B/3
= 1 1 i-1
D [(nl)] - 26/3 + E { 2 )
ny i

=2 n,
1

SECOND DISTANCE ESTIMATE. Suppose p can be written as a finite or

infinite sum

P*;ZI-’-:,:
1

where each Mg satisfies the smoothness condition

log n,

L T i

and each ni zZ N . Then

dist (1, [Sp]) = Dl{n)] .

0

Proof. (a) First suppose pu 1is decomposed into a finite sum: = By -
i=1
We proceed by induction. Since the polynomials are B -dense in

H” (Lemma 2 of section 3), the case K=1 follows immediately from the

First Distance Estimate. Suppose the resull is true for some K= 1. By the
B/3

?

First Distance Estimate, there exists g ¢ H™ with | ngm = n

such that

~28/3
1= g8yl =027

6.6
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By the induction hypothesis there exists ¢ ¢ H” such that

!Igs}l2+"l+HK+1“1”BSD[(HZ,H3’...’nK+1)]‘
Thus :
s -1l = S 3 ~1) + (g.§ -1
lojgs -1llg = lig b T8y T @S, Mg
=ilgys, | les, ... -1 + g8 -1}
P e N : T R

/3 —2p/3
snl8 D[(nZ""’nK+1)] + 1y .

= Doy, mp,eesmg, )]

as desired.

(b) Suppose u 1is decomposed into an infinite series u = E By e
Let Ve S Myt oecs P, SO v t w . Then by the "continuity of distance"

lemma 6.}.2 we have:
disty (1, [sul) = li]in dist, (1, [S“k])
= li]én D[(n,--*,nk)]

= D[{nl’nz, ...)]
QED

6.3. Smoothly decomposable measures. We call p  "smoothly decomposable"

if for each & > 0 there exists a decomposition of pu  into a finite or infinite
sum p = E My s where each My satisfies

iog n,
(1) o, (=) = C—

and

7



(ii) D[(n)] < e, n, =N (all i).

Here ¢ and N are the constantis of sec. 6.2. The second Distance

estimate immediately vields:

STRONG SUFFICIENT CONDITION FOR CYCLICITY. If p 1is smoothly

decomposable, then Sp  is cyclic.

In the next section we will show that any p which is not smoothly decomposable

places mass on some Carleson set. Thus: 8Sp not cyclic =2y not smoothly
decomp. => u(K) > 0 for some Carleson K. This will complete the

proof of Theorem 8 .

6.4, Completion of Proof of Theorem § . (@) Suppose u is not smoothly

decomposable. Then 3 & > 0 ‘such that whenever p = Z s is a
decomposition of p into a finite or infinite sum, and whenever (ni) is
a corresponding set of integers satisfying 6.3 (ii), then some by fails

to satisfy 6.3 (i) .

(b} We must locate a Carleson set KCT with p(K)>0.
A simple calculation shows that if io is a sufficiently large positive

integer, then the sequence

satisfies 6.3 (ii), with & as in the last paragraph. (This is where we

need 1'1i2 in the denominator of the 1% term of the sum defining D [(ni)]) .

Let Pi be a partition of T into n, equal closed subarcs, done so that

P,

4] Tefers P, (possible since n, |n,

1-i~l) *



(c) Separate the intervals of Pl into two classes:

log n,

0

light if p(I)= -
1

and

log g

heavy if (I} > —é« oy

For E a Borel subsetof [ ¢ Pl , define

{ w(E) if I is "light"

p{E) =
1 b(E) C }.ogn1

(I} 2 g

if I is "heavy"

Then is a measure with these properties;
M1

call

(i) ooy s concentrated on the union of the heavy

intervals in Pl .

C log ny
2

(ii) e (1) = for each heavy I € P
nl 1
log n
1. 1
(iii) w”l(ﬁz) = C e .

log n

The last inequality holds because u(I) = %«

|

for each

I«

T e

Pl,

1

and

6.9

any arc ] of length = Hj‘" lies in the union of at most two adjacent arcs in 6’31 .

1

By (iii) we cannot have pu = Wyt otherwise p would satisfy 6.3 (i)

the "one-term decomposition”" u = T (ni) =1 . Thus

(iv) H“Hi?/o .

We continue by induction. Having obtained Hys *t % Pgep

define

Mx
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exactly as by » but with PK replacing 531 s Dy replacing Dy » and
T (p,l-}- vee t p.K_l) replacing u . Let HK dencte the union of the heavy

intervals of PK . Then just as above:

(') p=(py+-+++py) Iis concentrated on H

K ?
lognK
(ii") 5"‘1{(1):? o ¥ heavy IelPK s
logn
(') o ()=c—2F8
) G Dy
(iv' M"(Ml»}u....%pvz{);/@

(dy Let K=mM Hk . We will show that K 1is the set we are looking
k

for. Since HI - Hz D e (by (')}, and since Hk is closed for each k
{(being a finite union of closed intervals), it is clear that K is a closed,
nonvoid subsetof T . Let v = Z Hy Then v # 0 and v is concentrated

cn K, by (i'). 8o v(K)>0.

p(K)}> 0. To see this, observe that u # v, for otherwise we
would have an infinite sum decomposition of y  satisfying 6.3 (i) ;
and our hypothesis is that this cannot happen (note that the "continuity of
distance"” Proposition 4 of section 3 lurks behind this argument). Thus

p{K) = vw(K)>0.

m(K)= 0. Rephrasing (ii'} above: pk(1)= % m{I)log n

for each heavy 1 ¢ Pk . Summing over those I's :

” F‘*}{H = i—Lk(Hk) = %’ m{Hk) log nk

Thus :



6.11

(*) o> ful =Yl =S 2 mE) ogn, .

In particular, m(K)}= l;:(m m(Hk) =0 .

K is a Carleson set. Let 'Lk denote the union of the interiors of
those light intervals of #, which liein H, , . Then the sets {Lk} are
pairwise disjoint, each is a finite disjoint union of open intervals, and
K'= ’}I\Uk Lk is a compact subset of T which contains K. Now a point
belongs to K'\ K only if it is an endpoint of adjacent light intervals of some

Pk » 80 K'\K lis countable; hence by the last paragraph, m{(K')= 0.

We claim that XK' is a Carleson set, hence sois K (by "Example”

(b), section 4.1). In view of the last paragraph, this amounts to showing that
Z m(Lk) log ny < o

Since Lk - Hk-—l (by the construction of pk) it is enough to show
L m(Hk—l) log Iy < o .

But this is immediate from (%) above, and the fact that log nk/log m_y = Z .

The proof of Theorem $§ is now complete.



7.1

7. FACTORIZATION OF INNER FUNCTIONS. Throughout this section we assume

that B satisfies all of the conditions (Bl) - (B6) . As usual, u isa

positive, finite Borel measure on T, singular with respect to Lebesgue measure.

7.1. B-factorization. Call an inner function g B-inner if it divides every

inner function in the invariant subspace [gq] . For example, Blaschke products
are B-inner, but inner functions with non-trivial cvclic factors are not. Our
goal is to characterize B-inner functions, and to facior every inner function into
B-inner and B-cyclic parts. The following result, due to Pat Ahern, is the

first step.

THEOREM 1. A singular inner function S*‘L is B-inner if and only if u

is concentrated on a countable union of Carleson sets.

The proof requires a preliminary result, also observed by Ahern.

PROPOSITION 2. Suppose . is concentrated on a Carleson set and

fe [S;J.] nH'. Then Su divides I .

Proof. This is an adaptation of the proof of Theorem N. Suppose K is
the Carleson set. Choose m and ¢ as in the proof of Theorem N (section 4).

For n> 0 define g, on m by

f’mnqo(w) Sp(w) (w € m\K)

g,(w) = é
é@ 0 (w ¢ K) .

As before, g, ¢ C(m) (T} and the linear functional )\.n = }Lg is continuous
1



on B, non-trivial, and 1[Sp]. Now suppose f e Hl and A (f)=0

forall n=1. Then

0=n (f)= frmf‘fjdm
= [ £(w) ¢(w) Sple) w dm(w) -
jin
Se h{w)= f{w) {w) Spl{w) (w ¢ T} coincides [m] a.e. with the

radial limit function of an Hz function h, and hSp =f¢, both a.e. on

T and identically on U . Because ¢ isouter, Su!f , as desired.
Proof of Thecrem 1. Suppose u is concentrated on a countable union of
Carleson sets, say on UI' KJ. . We may assume Kl - Kz C +++ Dbecause a

finite union of Carleson sets is a Carleson set (perhaps the easiest way to see
this is to think of Carleson sets as zero sets of smooth holomorphic functions}.
Por fixed j define the singular measure by by

gj(E): p(E N Kj)

for E a Borel subsetof T . Then [S;_Lj] > [Sw] (by Prop. 3 {a),
section 3), and p.jf VIR

Suppose g is an inner function in [Sp] . Then for each j ,
q e [Silj] , so by Proposition2, g= q}.Sp}. where q is inner. Since

My to Sp,j — Sp  uniformly on compact subsets of U . By normal families

9;

and qzq()Sp, { 50 necessarily dq is inner). Thus Sw 1is B-inner.

- d, uniformly on compact subsets of U, so 9 is holomorphic on U

Conversely suppose p is not concentrated on a countable union of

Carleson sets. Let



v = sup {p{K): K a Carleson set}

and choose Carleson sets (Kj) so that K C K, C -++ and p(K}.)? Y .

et H= U:E Kj and set

ho(E) = w(EN H)

for each Borel subset E of T . Then Bg is concentrated on H, so

SR R # 0 and clearly H gives no mass to any Carleson set (otherwise
the definition of Yy 1is violated). So Sy,l is cyclic by Theorem S, hence
PnSul—» 1 in B for some sequence (Pn) of polynomials. By (B3},

P Sp — Spy» SO Sy e [Sp] , but Su /) Spg - Thus Sp  isnot

B ~inner.

Remark. In the last paragraph of the above proof we showed that each
singular measure p can be written p = ko T M where Ro is concentrated
on a countable union of Carleson sets (so0 S}J.O is B-~inner) and ey gives

no mass to any Carleson set {s0 S{».Ll is B-cyclic). More generally we have:

THEOREM 2. {a) Every inner function g c¢an be factoredags g= q;d. where

ad,

i is B~inner and q. is cyclic. The factorization is unique up to a

multiplicative unimodular constant.

(b) More explicitly, q; = b S}.&i where b is a Blaschke product or a

constant and u, is concentrated on a countable union of Carleson sets; while

. = Spc where B gives no mass to any Carleson set.

Proof. Write ¢= bS8y where b is a Blaschke product or a constant, and
Su @& singular inner function. We know that p = By TR, @s in (b) above,

so it is enough to show that b Sp.i is B-inner, and to check uniqueness.



b8p; 1is B-inner. Suppose q ¢ [bSpi] - Then q=Dbgq, where gq, Iis

inner, so we need only show Suilqo - But g e [Sp;] (which contains
b S;Li]), and Spi is B-inner, so Spi|q, by Proposition 2 of this

section. Thus S;Li|q0, as desired.

Unigueness. Suppose (g = Il Cl = I2 ('_72 where q 1is inner, the 1I's are
B-inner, and the C's are B-cyclic. Then [q] = [I}] = [I,] so [
and IZ divide each other (by the definition of " B~-inner"). Thus I 1 is a
constant (unimodular) multiple of IZ , hence the same is true of C,‘-l and

C, -

Remark. Part of statement (a) was obtained independently by Daniel

Leucking without using the characterization of cyclic inner functions.

7.2. Weak factorization in Hp (0< p<1). In 1969 Duren, Romberg,

and Shields observed that when 0 < p <l some inner functions g generate

invariant subspaces g Hp which, although proper and closed, are weakly

7‘4

dense (thatis, they are annihilated by no nontrivial continuous linear functional).

Of course this phenomenon is assoclated with (and implies) the fact that when

0 < p<1l the space Hp is not locally convex.

Duren, Romberg, and Shields also observed the following: the weak
closure [gH p]w of qu is invariant under multiplication by z, and closed
{since weakly closed) in a® . By Beurling's Theorem, which holds even
if 0< p<l, wehave [qu]w-—' qWHp - S0 g=gq_q4, where q, is

called the weak inner factor of g . This leads to the conjecture that 9 is

"weakly outer”, i.e. [qOH p}w =uP. Duren, Romberg, and Shields also
asked if these notions of weak inner and weak outer depended on p ¢ {0,1) .

The results of section 1 complete this picture.



THEOREM. {a) q is weakly inner iff it is B-inner.

(v) g is weakly outer iff it is B-cyclic.

(c) Each inner function g has (essentially) unigue factorization

q=4d;9, where a; is weakly inner and 9 is weakly outer.

Remark. In particular, this result shows that the concepts of weak inner

and weak outer do not depend on p ¢ (0,1) .

Proof. According to [4; Theorem 7] , the space B= Al S contains Hp
as a dense subspace and has the "same dual” in the
sense that a linear functional on Hp is continuous if and only if it has
a continuous linear extension to B . This immediately yields part (b) of
the Theorem.
To prove (a), first suppose g is weakly inner. Then
uPn [q]Bz qHP, so q) € [q]B::> qy € quP = q§q1 . Thus g is
B ~inner. Conversely, suppose g is B-inner. Then since [g Hp]w = qWHp
we have q, e [g];, hence q{qw . But q b a trivially (since
qge [g Hp]W ), so qa,, is a constant multiple ¢f g, hence g is weak
inner. This proves part (a) .
Part {c) is an immediate consequence of the factorization Theorem of

section 7.1.

7.5
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