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The Prime-Number Theorem, perhaps the most spectacular result

of 19th century mathematics, tells us that the size of the n-th prime
number is approximately 7 log n. These notes present a modern proof
that offers an instructive journey through elementary aspects of both
real and complex analysis.

Notation

o Sets of numbers. C, R, N, and P denote, respectively; the complex
plane, the real line, the positive integers (a.k.a. “natural numbers”),
and the set of primes (2, 3,5, 7, ...).

o Integer / fractional part. For x € R: we’ll denote by [x] the integer
part, and by {x} the fractional part. Thus x = [x] + {x}.

o Primes. p will always denote a “generic” prime. We'll use ), to
abbreviate }_,cp We'll denote the n-th prime by p,, (e.g., p1 = 2,
pe = 13).

For x > 2 we'll use 7r(x) to denote the number of primes < x.
Thus, e.g., 7(3) =2, 1(14) = 6, and 7t(p,) = n.

o Asymptotics. For functions f and ¢ on the non-negative real axis,
we’ll use the notation:

* f(x) ~ g(x) to mean that lim,_,c JS% =1,

fx)

* f(x) = o(g(x)) to mean that limy_,c ) = 0, and

* f(x) = O(g(x)) to mean that there exists M > 0 such that
|f(x)| < M|g(x)| for all sufficiently large x.

* f(x) S g(x). Same as f(x) = O(g(x))-
* f(x) 2 g(x): There exists a constant § > 0 such that |f(x)| >
0|g(x)| for all sufficiently large x. (Same as: g(x) = O(f(x))).

o Complex matters. Following Riemann, we’ll write s for the typical
complex number, and s = ¢ + i for its decomposition into real and
imaginary parts.

We'll use the notation “{Property of s}” to describe the set of all
s € C with that Property. For example, {Res > 1} denotes the
half-plane of complex numbers whose real parts are > 1.

Complex matters won't be discussed
until Section 4.



1 Introduction

The “Prime-Number Theorem” (abbreviation: “PNT”) asserts—in its
classic form— that:

, 1i.e., that lim ﬂ(x)logx =

~ 1.
log x x—co x

(1) (%)

The famous German mathematician Carl Friedrich Gauss conjec-
tured this result in the late 18th century, based on extensive tables
of primes that he’d computed in his spare time. However it was not
until a century later that Jacques Hadamard in France [7, 1896] and
Charles de la Valée Poussin in Belgium [12, 1896] independently
proved the result.

In these notes we’ll study a modern proof of the PNT, modeled
closely on Don Zagier’s exposition [15, 1997]. However before em-
barking on our journey, let’s devote some effort to understanding
what the PNT wants to tell us.

SIZE OF THE n-TH PRIME. As a first step, let’s prove that statement
(1) is equivalent to the one given above in the Abstract.

Metatheorem 1.1. The following two statements are equivalent (meaning:
the truth of one implies that of the other):

(a) The PNT: 7t(x) ~ IOZ;x'

(b) pn ~nlogn

Proof. (a) — (b): Suppose we’ve established the PNT in the form

(a). The idea now is to “solve” the “asymptotic equation” y ~ @,

which we rewrite as

@ v= (o ) 1+ 0()

Upon taking logarithms on both sides of (2) we obtain
logy =logx —loglogx +log(1+o0(1)) ~ logx,

so from (2) again:

() x ~ylogx ~ylogy.

Thanks to the our assumption (a) we can set y = 7(x) and x = p, in

Pn
log py

(2), thus obtaining n = 7t (py,) ~ whereupon from (3):

pn ~ 7t(pn)log (pn) = nlogn,
as desired.

(b) — (a): Now assume that we’ve established p, ~ nlogn, which
for our purposes is best written: p, ~ 7(p,)log m(py). As in the
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Here “Metatheorem” means “Theorem

about theorems.”

Jacques Hadamard, 1865-1963
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previous case, the asymptotic equation y ~ xlog x has asymptotic
solution x ~ v/ logy, whereupon setting y = p, and x = 7 (p,) we
obtain

Pn
log pn’

@) n=7(pn) ~

which establishes (a) for x a prime.

To get the full result, fix x > 2 and fix the unique n for which
pn < x < ppi1. As x increases, 7t(x) increases and (log x) /x
decreases (at least for x > ¢)), so we have from (4) and 7(p,) = n:

log pn+1 log x logp, n+1
~ ——— < mx)—— <7 — ~ —
g~ o) BRI < () BT < () OB
from which it follows that 77 (x) ~ @, as desired. O
As a consequence of the PNT, the sum of the prime reciprocals Charles de la Valée Poussin, 1866-1962
diverges. More precisely:
Metatheorem 1.2. The PNT implies that
) % 2 loglog(x) (x — o0).
p=x
Proof. For x > 1:
1_
Ly=)
p=x
O

THE LoGARITHMIC INTEGRAL. Statement (1) of the PNT estimates
the density of primes in the interval of integers from 1 to n by

1/ log n. Based on his calculations, Gauss conjectured that the den-
sity of primes in any interval about the integer n should be about

1/ logn, i.e., that the number of primes in an interval [a, b] of the

1
logt

positive real line should be approximately [ ab dt. In particular,

one might expect the logarithmic integral

Li(x) = /x !

2 logt

In [13, 1899] de la Vallée Poussin
showed that Li(x) furnishes a much

to serve as an asymptotic estimate of 77(x). This is indeed the case, better approximation to 77(x) than does

as we’ll now see. x/ log x. The figure below, showing
the graphs of x/ log x, 7t(x), and Li(x)
Metatheorem 1.3. The following two statements are equivalent: (bottom to top) for 200 < x < 2000,
X illustrates this.
(a) m(x)~ .
log x

(c) m(x) ~ Li(x)

Proof. Upon integrating by parts in in the definition of Li(x) we =

X
log(x)

obtain —

) Li(r) = =~ — 2 /x L L
5 a log X log 2 2 (log t)z ’ 500 1000 1500 2000
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By an application of L'Hospital’s rule:

x 1 X
© ), g~ gy

which, along with (5), shows that

'Li(x)lofx - 1‘ —0 <1O;x) .

Thus Li(x) ~ x/logx, from which follows the equivalence of state-
ments (a) and (c) above. O

THE RiEMANN HyproTHESIS. The PNT, in the form 7r(x) ~ Li(x),
asserts that the relative error that results from approximating 7(x) by
Li(x) tends to 0 as x — oo. However, the actual error can eventually be
large, the present conjecture for its best estimate being O(/xlog x).
This is one of many equivalent statements of the Riemann Hypothesis:
open to this day, and widely considered the most important unsolved
problem in mathematics.

2 Euler’s Product Formula

The following result (“Euler’s Product Formula) marks the entry of
analysis into the study of prime numbers.

Theorem 2.1 (Euler 1737). For each real s > 1:

DT | (CE s e CP Y
n=1 14

(7)

Proof. The sum on the right-hand side of Euler’s formula is the

¥ (&
famous “Riemann zeta-function”: "' 3 \ Y

oo 1 &
®) Z ns (S > 1) Leonhard Euler, 1707-1783

Right now the zeta-function is just a convenient notation, but—
thanks to the many consequences of Euler’s formula—it has become
the most-studied function in all of mathematics.

We have for s > 1:
This is essentially Euler’s original ar-

1 1 1 ument [5, Thms 7 & 8, pp. 172-176];
g(s) =1 + + 33 + + ’ §ee also Dunham [3, Chfpier 4], who
attributes the rigorous proof to Leopold
) Kronecker in 1876. Plyman [10, Theo-
lg(s) _ l + l + l + .. rem 3.1.1, p. 14] notes the connection
2s 45 6° ’ with the “Sieve of Eratosthenes.”.

and therefore:



In words: upon multiplying {(s) by 1 — 21—5, the result is 1+ the sum of
terms % where 7 runs through the odd integers > 1. Similarly: upon
multiplying (1 — %){(s) by (1 — 5 ), we obtain 1+ the sum of terms
1, where now n only runs through all integers > 3 that contain no
factor of either 2 or 3. Continuing by induction, we conclude that for

each n € IN (upon writing p,, for the n-th prime),

N 1 1

O T1(1- )i =1+L{ 5 pn - onin
k=1 Pk n

Upon using IIy(s) to denote the product on the left-hand side of (9),

and Ry (s) to denote the sum on the right, we see that for s > 1:

oo
0<TIy(s)Z(s) 1 =Rn(s) < Y. %
N=PN+1

Since s > 1, the series on the right — 0 as N — oo, hence IIy(s){(s)
converges to 1 as N — co.

In summary: The infinite product [], (1 — %) converges for each
s > 1to1/¢(s). Since {(s) > 0 for each s > 1, this proves Euler’s
formula. [

The argument just given provides another way of proving;:
Corollary 2.2 (Euclid). There are infinitely many primes.

Proof. Suppose there were only finitely many primes. Then our
argument would have established Euler’s Formula (7) after only
a finite number of steps, which would then guarantee the (finite)
existence of lim,_,1; {(s). However fors > 1:

=1 © dx 1
(10) (=Y > [ 2

= 1 x> s—1

Thus {(s) — o0 ass — 1+, so there can’t be just finitely many
primes. O

Euler’s formula tells us even more.
Corollary 2.3. ;% = .

Proof. Upon examination of the graphs of y = x — 1 and y = log x we
see that logx < x —1 for all x > 1, whereupon

1 1 1-
log— <-—-1= i
x T x x

Vxe (0,1]

Use this inequality with x =1 — %, where s > 1, to see that for each
s> 1:

1 p—° _
(11) log (1 — PS> < <2p7%,

THE PRIME-NUMBER THEOREM §5

In fact, the convergence is uniform for
eachs >1+e¢.

Maybe comment further that
{(s)—27° < / xPdx=1/(s—1),
)

so (1 —s){(s) — 1ass — 1+. This
prepares the way for Zagier’s proof that
{(s) extends holo to {Res > 0}\{1}.

In the last section we derived this
result from the PNT. Now we see that it
would have been enough to use Euler’s
formula.
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with the last inequality due to the fact that
1—-pS>1-2°%>1-2"1=1/2.

Upon summing both sides of (11) over all primes and calling on
Euler’s formula, we see that for s > 1:

logg(s) <2y p =<2y p'.
p p
The desired result follows upon letting s — 1+ and using (10). O

SoME HisTtoRry. The zeta-function has a long and storied. history.
The problem of finding {(2) = Y~ % in “closed form” is the
famous “Basel Problem”, was first posed in print in 1644 by the
Italian professor Pietro Mengoli . Later in the 17th century, Mengoli’s
question was popularized by Jacob Bernoulli (at the University
of Basel in Switzerland), but it was not until 1735 that the Swiss
mathematician Leonhard Euler solved the problem: {(2) = 72 /6. And again in 1741—this time, rigor-
Euler also found that for n € N, {(2n) = 7" /by,, where the ously.
numbers b, are all positive integers. For example: {(4) = 7*/90,
7(6) = m©/945, ... . In particular: (2n) is transcendental for each
n € IN.
However neither Euler, nor anyone since, has been able to deter-
mine a closed-form expression for {(2n + 1); in fact it’s not known
to this day if each of these numbers is transcendental. In 1978 Roger

Apéry" proved ¢ (3) to be irrational, and it’s recently it has been * Apéry [1], see also van der Poorten
shown that (2n + 1) is irrational for infinitely many #, but without [14]-
saying which #’s these are.? *See, e.g., [6], where it’s observed that

the irrationality of {(5) is still open.

3 Some Prime Number Metatheorems

In this section we'll present another statement equivalent to the PNT,
and see as a corollary that the truth of the PNT follows from the
existence of a certain improper integral.

The heavy lifting here was done by the Russian mathematician
Pafnuty Chebyshef, who in 1852 showed [4] that 77(x) and x/ log x
tend to infinity at the same rate, and that if their ratio had a limit,
then that limit had to be 1.

Important to Chebyshev’s work, and to all that follows in these , i %161;111.?55
notes, was the following “log-weighted” prime counting function. ‘

Definition 3.1 (Chebyshev’s d-function).

B(x) =) logp (x>1).
p=x RHTSh

/
Ime
o o) 3
th(,Z” PBeouriuii Doyecrendi uamenamis:
¢ 2011

Metatheorem 3.2. The Prime Number Theorem is true if and only if

lim M

Xx—oo X

Pafnuty Chebyshev, 1821-1894

=1



Here’s a first step toward the proof.
Lemma 3.3 (Chebyshev 1852).

¥(x) < (4log2)x (x >2)
Proof. For n a non-negative integer, by the binomial theorem:

22 (14 1) = % (21:1) . (2:) _ Ei"?));

k=0

Suppose n < p < 2n. Then p is a factor of (2n)!, but not of n!. Thus

221’! Z H p.

n<p<2n

whereupon taking logarithms of both sides produces:

Y. logp=19(2n)—8(n).

n<p<2n

2nlog2 >

It follows that

9(2") = 9(2") = 8(1) = i [8(2°) — 8(2"1)]
k=1

n
<log2) 2k = 2(log2) - (2" — 1)
k=1

Thus 8(2") < (2log2)2" for n € N, i.e., we've achieved the desired
estimate for x a power of 2.

To get the result in general, fix x > 1 and choose n € IN U {0} such
that 2" < x < 2"*!, Then:

8(x) < 8(2"*1) < (21og2) - 2! = (4log2) - 2" < (4log2) - x [

Proof of Metatheorem 3.2. Write 7r(x) as a Riemann-Stieltjes integral
with ¢(x) as the integrator, and integrate by parts:

Crde) 8 v o) dt
() _/2 logt  logx 71+/2 (logt)?2 t

_ 9(x)
log x

Thus

X 9(t) dt Xt
1 — <1+ (4log2 —
- +/z (logt)? t — + (4log )/2 (logt)?”’

where, on the right-hand side, the last inequality is due to Lemma

(12) \n(x)

3.3. We've already seen in (6) that the last integral on the right is
~ x/(log x)2. From this and (12) we obtain:

C))
log x

X
(log x)?

‘n(x)

=0O( )-

which, upon multiplying through by log x/x yields

THE PRIME-NUMBER THEOREM 7

Note that along with Lemma 3.3, this
estimate implies the following weak
version of one-half of the PNT:

lim sup n(x)lo%x < 4log?2.

X—00
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n(x)logx_ﬂ(x) —O< 1 )
x x log x
In particular:
lim n(x)logx -1 < lim 9x) -1,
X—>00 X xX—oo X
as promised. g

Metatheorem 3.4. If the improper integral

(13) /f(ﬁ(f)— )df

exists, then ®(x) ~ x (which will prove the Prime Number Theorem,).

Proof. In the contrapositive spirit, suppose ¢(x)/x does not converge
to 1 as x — co. We wish to show that the improper integral (13) does
not exist. There are two possibilities:

(a) There exists A > 1 and a sequence x, " o such that ¢(x,) > Ax,
for each n, or

(b) There exists 0 < A < 1and a sequence x, oo such that
(xy) < Axy, for each n.

Suppose we're in situation (a). Then for each n:

/Axn @_1 ﬂ>/2\x" 19(.9(,1)_1 £>//\xn /\xn_l ﬂ
Xn t t = Jx, t t T Jx, t t

Now make the substitution t = x,u in the last integral to obtain the

inequali
1 ty Axy, d A d
/ 9t _ i>/ A e
Xu t t = Ju=1\u u’

whose right-hand side is positive and independent of 7.

Conclusion: For case (a) above, the integral (13) cannot exist.

A similar argument (exercise) works in situation (b). O

4 The Riemann zeta-function

So far, purely “real-valued” arguments have shown us that the PNT
will follow from the existence of a certain improper integral. The
rest of this note serves to illustrate an observation often attributed to
Jacques Hadamard:

“...the shortest and best way between two truths of the real domain
often passes through the imaginary one.”

Relevant to us is the insight of German mathematician Bernhard
Riemann who, in the mid 19-th century, realized that the secret to
revealing deep truths about the distribution of prime numbers lay in

Georg Friedrich Bernhardt Riemann
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holomorphically extending Euler’s zeta-function from the real to the
complex domain.

In this section we’ll show how {(s), defined originally just for the
real half-line (1, 00), extends to a function {(s) that’s holomorphic
in the complex half-plane” {Res > 1}. The key to our proof of the
PNT will hinge on making a further holomorphic extension to the
punctured right half-plane {Res > 0}\{1}, and showing that the
zero-free region of this extended zeta-function includes the closed
half=plane {Res > 1}.

THE RIEMANN ZETA-FUNCTION is defined (initially) on the half-plane
{Res > 1} by:

1

e (Res > 1)

(14) (s) =)

n=1
Proposition 4.1. The series on the right-hand side of (14) converges abso-
lutely on {Res > 1}, and uniformly on each compact subset. Consequently,
the function { so defined is holomorphic in {Res > 1}.

Proof. Writing s = o + it with 0,7 € R, we know for each n € IN
that [n=°| = n~7, so the series in (14) converges absolutely iff o > 1.
Foreache > 0ands € Hy,,, we have |n~%| < n~(11%), 50 by the
Weierstrass M-test, the series in question converges uniformly on the
half-plane Hy,, and in particular, uniformly on each compact subset
of Hl- O

THE EULER PrRODUCT FORMULA (7) extends to the half-plane {Res >
1} by essentially the same proof as worked for the real case. The
“sieve” argument that produced the formula

© ﬁ<1_;)g<s>=1+ Y

k=1 k p1, PN

works verbatim for Res > 1, so continuing with the notation ITy/(s)
for the product on the left-hand side of (9), and Ry/(s) for the sum on
the right, we see that

> 1 > 1
TN (s)¢(s) = 1| < [Rn(s)| < ) ] )y “Res
N=PN+1 N=PN+1

Since Res > 1, the series on the right =+ 0 as N — oo, hence
ITn(s){(s) converges to 1 as N — oo. In summary:

Theorem 4.2. For Res > 1:

(a) The infinite product [, (1 — %) converges (uniformly on compact

sets, in fact) to 1/{(s), thus proving Euler’s formula, and furthermore
showing:

(b) This product is holomorphic, and never takes the value zero there.



From part (b) above:

Corollary 4.3. The Riemann zeta-function has no zeroes in the half-plane

{Res > 1}.

Although the series (14) defining {(s) does not converge in any
half-plane {Res > 1 — ¢}, a little exercise involving the Riemann-
Stieltjes integral shows provides a crucial holomorphic extension.

More precisely:

Theorem 4.4 (First extension theorem). {(s) extends to a function
holomorphic on {Res > 0}, except for a simple pole at s = 1 where it has

residue 1.

Proof. Recall the notations [x] and {x} for the integer and fractional
parts of the real number x. Since the integer part function is mono-
tone increasing, it can serve as a Riemann-Stieltjes integrator repre-
senting sums. Since it’s integrating a continuous function, integration-
by-parts works in the usual way3. In particular, for Res > 1:

[e9)

{(s) = i n°® = x~%d[x]

1/2

n=1
[[x} xfs} —I—s/ [x] x5 dx
1/2 1/2
N———

=0

=35 oox—x x~ 6+ gy
=s [ {xhr

:s/ x‘sdx+s/ {x}x 6+ gy
0 0

— =kt
Thus,
(15) ()= 45 +HES)  (Res>1),
where
(16) H(s) =1 +s/o°°{x}x*<s+l> dx,

a function that’s holomorphic in the half-plane {Res > 0}.4 It follows
that the right-hand side of (15) furnishes a holomorphic extension of
(s) to a function—which we still denote by {(s)—to the punctured

half-plane {Res > 0}\{1}, and having a pole at s = 1 of order 1, with

residue = 1.

5 Toward a Proof of the PNT

We'll continue to use the notation {(s), and the terminology “Rie-
mann zeta-function”, but now it will denote the meromorphic contin-
uation given by Theorem 4.4 of the original zeta-function (14) to the

“right half-plane” {Res > 0}.
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For example, it clearly doesn’t converge
for s real and < 1. With a little more
work, one can show it converges for no
complex s with Res < 1 (exercise).

3 See, e.g., Apostol [2], Chapter 7, esp.
Theorem 7.6, page 144].

Since [x] = 0for0 < x < 1, the
lower limit in the integral can be any
number in the interval [0,1) that suits
us. Here we start with lower limit 1/2,
rather than 0, in order to avoid the
appearance of 0/0 in the “boundary
term” produced by integration-by-parts.

4 The point here is that the integrand
is holomorphic, and its absolute value
integrable on [0, %) whenever Res > 0.
That the integral is holomorphic for

{s > 0} can be verified, e.g., by using
Morera’s theorem.
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We noted early on that—thanks to Euler’s Product Formula—the
original zeta function never takes on the value zero in its half-plane
of definition {Res > 1}. Crucial to our proof of the PNT is the
following (seemingly minor) extension of this zero-free region.

Theorem 5.1. Res =1 = {(s) #0.

Proof. Thanks to Euler’s Product Formula (7), we have for s = o + it

with o > 1:
log|Z(s)| = Y log |1 —p~*|~!
r
=Y Relog(l—p 5!
r
o —ns
—Y Re ) r-
14 n=1 n
SO
(17) log (¢(s)] = X2 ) Sotrrlos ),
p n=1 np

It follows that upon letting & = 7 log p, we have (“out of a hat”)

log |£(0))’C (0 +iT)* (0 + 2i7)]
_y i 3 + 4 cos(nd) + cos(2nd)

= nphe
_y i 2 + 4 cos(nd) + 2 cos*(nd)
= npho

v e 20+ cos(nd)?
; Y

nan
Since each of the final summands is positive, so is

log [£(0))*C (o +i7)* (v + 2i7)|

which, upon exponention, yieldS: Note that we have, at this point, another
proof that the Riemann zeta-function
(18) ‘C(g-)3g(g- + iT)4€((T + 21’7) | > 1. has no zeros in its original domain of

definition Hj.
whenever s = ¢ + iT with ¢ > 1, and—by continuity—even for ¢ = 1.
Now suppose, for the sake of contradiction, that {(1 + itp) = 0
for some 19 € R. Then 19 # 0 since (our analytically extended)
zeta-function has a pole at s = 1. Now consider the limit as o — 14
of
f(@) := lim {(0)°¢(0 +it)*¢(0 + 2it).

oc—1+

We know from Proposition 4.4 that {(s)2 has a pole of order 3 at

s = 1, and from hypothesis we know that {(s)* has a zero of order
at least 4 at s = 1 + i7p. Thus the product of the first two terms on
the right-hand side of the above definition of f has limit o as o — 1+.
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Since { extends holomorphically to Hp\{1}, it doesn’t have a pole at
1+ 2itp, hence lim,_,1_ f(0) = 0, contradicting our earlier observation
(18) that |f(0)| > 1 for o > 1.

This completes our proof that the (extended) zeta-function never
assumes the value zero on the line Res = 1. O

WE'RE NOW IN A POSITION to see how to prove the Prime Number
Theorem in the form “d(x) ~ x” (see page 6). The proof will depend
on:

o Euler’s formula (2.1) for {(s);

o Metatheorem 3.4, showing that “0(x) ~ x” follows from the
existence of a certain improper integral;

o Theorem 5.1, providing the new information that {(s) has no zero
on the line Res = 1, and finally;

o A “Tauberian Theorem” to be proved for Laplace transforms.

RecaLL THAT, thanks to to Euler’s formula

¢s)=TIa-p=)"  (Res>1),
14

we know that {(s) is holomorphic and non-zero on H;j := {Res > 1}.
Thus log(g(s) is also holomorphic on Hj, and its derivative there is

g(s) _vd, o1 _ypClogp - logp
(19) g(S) _Xp:ds(l F’ ) Xp: 1_pfs ;Ps_l

We memorialize this calculation in

Definition 5.2.

P

log p

1 (Res > 1).

Since {(s) # 0 at any point of H;, we know that Z(s) is holomorphic
there. Since we’ve been able to extend {(s) meromorphically to
{Res > 0}, the same is true for Z(s), with each pole or zero of {(s)
providing a simple pole for Z(s). In particular,

Z(s) is meromorphic {Res > 0} and holomorphic in {Res > 1}, except for a
pole of order 1 at s = 1, for which the corresponding residue is 1.

Equation (19) suggests a connection between Z(s) and the Chebyshev
function ¢(x) = },<,logp. A preliminary calculation makes this a
bit more explicit.

(20)  Z(s) = Y82 Ly o8P e

12
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Here H(s) extends holomorphically to Hy,, = {Res > 1/2}, so at
least in that half-plane the function ®(s) is meromorphic, with the
same poles as Z(s); in particular:

®(s) is meromorphic in {Res > 1/2} and holomorphic there, except for a
pole of order 1 at s = 1, for which the corresponding residue is 1.

Now #(x) increases monotonically on [1,00), so it can serve as a
Riemann-Stieltjes integrator, thus allowing the definition of ®(s) to
be recast as a (Riemann-Stieltjes) integral:

®(s) = /1°° ¥ dd(x)  (Res>1)

Integration-by-parts works as well for Riemann-Stieltjes integrals as
for ordinary ones, yielding in this case

8(x)
xS

®(s) = [ r +s/°°x*<s+l>l9(x)dx (Res > 1),

x=1 1

The “boundary terms” vanish since by definition #(1) = 0 and, by
Theorem 3.3, 9(x) = O(x) as x — co. Thus we have ®(s) expressed as
a “Mellin Transform” of ¢:

(21) D(s) = s/loo xGDY(x)dx  (Res > 1)

Now recall:

(a) From Metatheorem 3.2 that we can prove the Prime Number
Theorem by showing that #(x) ~ x as x — oo, and that

(b) by Metatheorem 3.4, to show this it suffices to prove the existence
of the improper integral

@ () S ()

Toward this goal, let’s express the right-hand side of (21) in terms of

8(x)
X -1 Note that @ — 1 is the relative error
committed in the approximation of ¢(x)
— * —(s+1) ® s by x.
D(s) =s | (O(x)—x)x dx+s [ x °dx
1 1
© /9
:s/ <<x)—1>xsdx+s
1 X s—1
Thus our representation (20) of Z(s) = —'(s)/{(s) can be rewritten
for Res > 1:

(23) Z(s)—s_11+1+s/loo(l9(xx)—1)x‘5dx+H(s).

where the function H is holomorphic in {Res > 1/2}. Moreover
recall that:
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(a) We've extended the zeta-function holomorphically to the “punc-
tured” open right half-plane {Res > 0}\{0}, noting that this
extended function has a pole at s = 1 for which the residue is 1,
and that it never vanishes on the rest of the vertical line {Res = 1}

(b) Therefore Z = —('/{ is holomorphic in the open half-plane
{Res > 0}, except for any poles or zeros that { may have there,
and that, none of these lie on the “punctured line” {Res = 1}\{1}.

(c) Each pole (resp. zero) of { bestows upon Z a simple pole with
residue equal to the order of the pole (resp. minus the order of the
Zero).

(d) We've shown in our proof of Euler’s formula (7) that {(s) # 0
whenever Res is > 1, and in Theorem 5.1 have extended this result
to Res = 1. Consequently,

Z is holomorphic in (an open set containing) the punctured closed
half-plane {Res > 1}\{1}. Moreover Z has a simple pole at s = 1,
with residue equal to 1.

Because of item (d) in the above list, we have:

Theorem 5.3. The integral

F(s) := /10Q <l9<xx) —1> x%dx

extends holomorphically from {Res > 1} to an open set containing the
closed half-plane {Res > 1}.

Proof. We see this from rewriting (23), for Res > 1, as

Fo = (26~ 27 -1 ) ).

Since Z is holomorphic in an open set containing {Res > 1} except
for a simple pole with residue 1 at s = 1, and since H is holomorphic
for Res > 1/2, the right-hand side of this equation is holomorphic
in an open set containing {Res > 1}, and so furnishes the desired
extension of F. O

In particular, upon restricting s to real values, we obtain:

lim ” (M - 1) x % dx

s—1+ /1 X
exists (and = F(1)).

Corollary 5.4.

OUR GoAL of proving that the improper integral

(13) /100(19(;)_ )"Z‘

exists can be stated like this:

14



For1<x<ooand A>1,let xa(x) =0if x > A, and = 0 otherwise.
To say “the improper integral (13) exists” means that the (finite) limit:

lim 1400 (M - 1) XA(x)d—x

A—00 X X

exists.

By contrast, Corollary 5.4 asserts that a different kind of improper
integral really does exist; this one defined by the limiting process

i [ (20 1) e

s—1+J1 X X

where the convergence factor x 4(x) used to define the original
improper integral (13) is replaced by a new one: x!~%.

So to prove the Prime Number Theorem we need to show that
the existence of this new type of improper integral implies the exis-
tence of the usual one. This will occupy our efforts for the next two

sections.

6 Newman’'s Tauberian Theorem

At this point it’s convenient to make the change-of variable x = ¢’ in

the integrals we're studying. Thus, upon writing

the original improper integral, whose existence we wish to establish,
becomes

o A
/Og(t)dt:: lim [ g(t)dt,

A—00 J0
while the modified improper integral, whose existence we have
established, is
lim g(H)e =Vt gy,

s—1—-.J0

where this last integral is the Laplace transform £ {g}(s —1).
IN suMMARY: Thanks to Theorem 5.3 we know that .Z{g}(s — 1) is
holomorphic in a neighborhood of {Res > 1}, hence

Z{g}(s) is holomorphic in a neighborhood of {Res > 0}.

Thus lim,_,o4+ Z{g}(s) exists (and = .£{g}(0)). Our task now is to
show that the improper integral fooo g(t) dt exists in the usual sense—
and equals .Z{g}(0). This (and with it the Prime Number Theorem)
will follow immediately from:

Theorem 6.1 (Newman'’s Tauberian Theorem). Suppose f: [0,00) — C
is bounded and locally integrable. If its Laplace transform

LLFHs) = /wa(t)e-“ it (Res>0)

THE PRIME-NUMBER THEOREM 15

Le., let x4 be the characteristic function
of the interval [1, A].

The Laplace transform of a function
f:[0,00) — C that is locally integrable
and (say) bounded is defined for

Res > 0 by

2{rHs) = [ Fne it
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extends holomorphically to a neighborhood of the closed half-plane {Res >
0}, then the improper integral [~ f(t) dt exists (and equals Z{f}(0)).

The proof of Newman’s theorem, while not trivial, depends only
on the Cauchy Integral Theorem of elementary complex analysis. It
will occupy Section 7 below. However before presenting this argu-
ment, let’s take some time to understand the meaning of “tauberian”.

A TAUBERIAN INTERLUDE A tauberian theorem is, roughly speaking,
one that shows how “convergence in some weak sense” plus some
extra condition implies “convergence in the ordinary sense.” The
terminology comes from:

Theorem 6.2 (Tauber’s Theorem, 1897). Suppose the power series
Yoo an2" has radius of convergence 1, and that lim,_,q_ Y > o ayr"™ = A.
If, in addition, lim,, e na, =0, then Y,y a, = A.

Here the convergence of )" a, is helped by the insertion of
“convergence factors” r". Tauber’s Theorem then asserts that the
“Tauberian condition” a, = o0(1/n) renders these helper-factors
unnecessary. If the series-coefficients a, are all > 0, the tauberian
condition can be weakened to just: a, — 0. In 1910 Littlewood

the tauberian condition of Tauber’s theorem from |a,| = o(n) to
ay, = O(n).
An earlier result of Abel goes in the other direction:
[e¢] o
Theorem 6.3 (Abel’s Theorem). 2 a, =A = lim E apr™ = A. The proof is a fairly simple argument
=0 r=1- = based on summation-by-parts.

We call a sequence (a,) Abel summable (to A € C if lim,_,1_ a,r" =
A. Abel’s theorem asserts that any sequence that’s summable in the
ordinary sense is also Abel summable. However, the Abel method
creates new summable sequences. For example, if a, = (—1)" then
the series ) ;> a, diverges in the usual sense, but, thanks to the
Geometric Series Theorem, Abel-sums to 1/2.

Results of this sort—asserting that ordinary convergence survives
the insertion of “helpers”—are called "abelian theorems”. Here, for
example, is an abelian companion to Newman'’s Tauberian Theorem.

Theorem 6.4 (An abelian theorem for the Laplace transform).
A o0
li tdt=A li te stdt = A.
fim, J, fde=A = Jim |50

Proof. We subject the integral of interest to an integration by parts.
Let F(t) = [ —0'f(x)dx, so

/0 Y f(e st dt = /O 0

= [efstp(t)] + s/ooo F(t)e ' dt

t=0
=0

= /oo F(x/s)e “dx

=0
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Substitute x = st in the last integral.

Now F(x/s) — A boundedly ass — 0+, so by the Lebesgue
Dominated Convergence Theorem:

[e0] [e¢]
lim F(x/s)e " dx = A/ e Ydx = A. O
s—0+ J0o 0

We close this little interlude with an example that shows how
Newman’s theorem can fail if the holomorphic-extendability condi-
tion is weakened.

Example 6.5. For n a non-negative integer, Let X, be the characteristic
function of the interval [n,n + 1), and set f = Y;° ,(—1)"xn, so
f(t) = (=1)" for t € I,. Then for Res > 0:

) o n+1
Z{fYs) = [ fetar= Y (-1 [ et
0 n=0 n
[ee] —S
— (2(—1)”8”S> 1 €
n=0 §
Thus, thanks to the geometric series theorem,
1 1-e°
(24) L) = 1 (Res>0)

Consequently Z{f}(s) — 1/2 as s — 0+, so—while [ f(s) ds does
not exist in the usual sense, it does exist in the sense of the Newman-
theorem hypotheses (i.e., when the “helper” e~*! multiplies f).

The problem is, of course, that Z{f} does not extend holomorphi-
cally across the imaginary axis. To see this, let’s rewrite (24) as

H(s)
L{f}(s) = 1o (Res > 0),
where H(s) = s71(1 — ¢7*) is an entire function5 that takes the value 5 Proof. Expand it in a power series.

zero only at the even integer multiples of 7t/ on the imaginary axis.
Thus Z{f} has a pole on the imaginary axis at each odd integer
multiple of 717 on the imaginary axis, and so is not holomorphically
extendable across that whole axis (although, note that it does extend
across many open subintervals, e.g., (—7ti, 77i)).

7 Proof of Newman'’s Tauberian Theorem

In this section we prove Newman'’s Tauberian Theorem, and thus
finish the proof of the Prime Number Theorem.
Recall that we are given a function f: [0,00) — C that is both

bounded and locally integrable on [0, c0), so that we may form its
Laplace transform

D.J. Newman, 1930-2007

f{f}(z) — /Ooof(t)e_Zt dt (Rez > 0) ) In this section we switch from using

the notation s = o + it for a generic
complex number to the more usual (for

Thus Z{f} is holomorphic on the right half-plane Hy = {Rez > 0}. complex analysts) z = x + iy.
Newman’s Theorem asserts that:



Under the additional assumption that £{f} is holomorphic on the
closed half-plane {Re {z} > 0}, the improper integral

/O'oo F(t)dt = lim /OTf(t) dt

exists (and equals Z{f}(0)).

Proof. For Rez > 0, set

§2) = 2{1} @) = [ Fnear

so g is holomorphic in an open set V containing the closed right
half-plane, and for T > 0 set

T
gr(2) = Z{fxpm}@) = [ feat.

so gt is an entire function (holomorphic on C).

To SHOW: Tlg&r g7(0) = g(0):

(a) First observation. For each R > 0 there exists § = ég > 0 such that
the closed set Qg := {|z| < R} N {Rez > —4} liesin V.

Thus Cg, the positively oriented boundary of g, is the union of
is the circular segment I'g := {|z| = R} N {Rez > ¢}, and a segment
Lg, of the line {Rez = 6}.Thus Cg is a simple, closed, piecewise
differentiable curve in V that contains the origin, so by the Cauchy
integral theorem:

1 dz
$(0) ~37(0) = 5 [ [3(2) ~gr(2)] T
While true, this representation of g(0) — ¢7(0) doesn’t quite do the
trick. What’s needed is:

(b) Newman’s modification. For R,T > 0 and z € C set

Z2
WT,R(Z) = EZT (1 + RZ) .

Thus Wr r is an entire function with Wrz(0) =1, so

G 50 =10 = 5 [ 50 —sr@Wie@)F

T 2mi

We estimate part of this the integral over the circular segment I'g. For

z = x +1y € I'r we have

52 - 1)l = | [ 10| < sl [ e

e—Tx

X

T —xt
= flls [ e at = lfll

THE PRIME-NUMBER THEOREM 18

To say a function is holomorphic on a
closed set F means that it’s holomorphic
on an open set that contains F.

/’\Pﬂ

voy
SN
3=

Cr=00=TrULg



Now for any complex number z with |z| = R we have
(26) 1+ 22| _ 2Rez
R? "R

In view of (26) and the estimate above it, we see that for z = x + iy €
I'r the integrand on the right-hand side of (25) is, in absolute value:

r(2)] 20 1 2ffls
H R'R- R’

—Tx
Tx

| Wrr()l

18(z) —gr(2) < IIfHoo

from which we conclude (taking into account that the length of C}; is
< 271tR):

dz

/rR 8(2) — g1(2)| Wrr(2)— | < 47t floo

R

(27)

Observe that this estimate is independent of T. (!!)

(c) The integral over Lg. We have Lr parameterized by z = —J + iy for
ly| < length(Lr)/2 < R. Thus we can estimate the integral involving
g over L as follows.

sl 7o

:=M(R), independent of T
= M(R)e™°T

e—(ST

dz
z2)Wrr(z ‘

El |z

(d) The integral involving gr. The integrand here is an entire function
of z, so by the Cauchy integral theorem we can replace the line
segment Ly by the circular arc yg = {|z| = R} N {Rez < —¢}, after
which the estimate proceeds as in part (b). For z = x + iy € yr

—xT

|x]

T T e
gr@I< [ 1Ol at < flls [ e dt = | f]1s

Thus, as in part (b):

dz 2x
ngT( 2)Wrr(z) | < 1flloo - - &7 z2 TR
y znnfnog
- R
Putting it all together: for each R, T > 0:
20) — gr(0)] < Al y MIR) oo [l
37T||f|\oo

Let e > 0 be given. Choose R to make < €/2, and having

done this, choose Tj to make ( )e=0Ty < s/ 2. Then forall T > T
we have

& &
1g(0) —gT(0)] < St =¢

hence Tlim g7(0) = £(0), as desired.
— 00
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Here x is sometimes negative!

Important to note that we don’t have

19

an explicit formula for ¢ on Lg; we just
know that it’s the analytic continuation
of g from {Res > 0} to some open set

containing {Res > 0}.

=]

-

5

TrRU9r = {|z| = R}

Note that here, x is always negative!

Don’t forget that we have to divide a
the integrals by 27 in using them to
calculate g(0) — gr(0).

11
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8 Epilogue

Our proof of the PNT hinged on showing that the Riemann zeta-
function doesn’t vanish on the line {Res = 1}. It turns out that this
non-vanishing-ness is yet another property equivalent to the PNT.

Metatheorem 8.1. PNT = ((s) # 0 whenever Res = 1.

Proof. We're assuming the PNT, but not the never-zero-ness of { on
{Res = 1}. Suppose, for the sake of contradiction, that {(sp) = 0 for
some point sy = 1+ ity with 1y real and (necessarily) # 0. Thus Z has
a simple pole at sy with residue m > 0, the order of the {’s supposed
zero at sg. Thus, m = lims_s,(s — s9) Z(s), so by (23) (and the fact that
H is holomorphic in {Res > 1/2}, hence bounded in a neighborhood
of sy) we see that

(28) m = lim (s — sg) /100 (19(;) - 1) x Sdx

S—S0

Now we’re assuming that the PNT has been proved, i.e., in view of
Metatheorem 3.2, that 9(x) ~ x. Consequently, given ¢ > 0 we can
choose X = X(e) > 1 such that

‘19(;)_1‘<8 Vaix>X,

hence for s = o + it, with ¢ > 1: (upon noting that |[x % = x~7):

/100 (19(;)1);(—5,1,( s/lw’ﬂ(x)l

X )
g/ M—1x‘7dx—i-£/ x 7dx
1 s X
%,—/
=:M(e)<oo :%
Thus o
limsup(c —1) / <(x)—1> x *dx| <e
oc—1+ 1 X

Since € can be any positive number, this last line asserts that if s is
restricted to the line {Ims = 1y}, then the limit, m, on the right-hand
side of (28) is zero, contradicting the fact that m > 0. Thus PNT
implies that {(s) # 0 whenever Res = 1. O
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