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In 1926 Stefan Banach [3] set out a “two-step program” for proving theorems
about almost-everywhere convergence. Banach’s program lies at the heart of all
modern work on a.e. convergence. In these notes we’ll see why.
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1 Introduction

Almost a century ago, Stefan Banach published a paper [3] in which
he showed how to approach the notion of “almost-everywhere con-
vergence” through the emerging field of functional analysis. Banach

Throughout these notes we use “a.e.
convergence ” to mean “a.e. convergence to
a finite value.”

considered sequences (Tn) of measure-continuous1 linear transfor- 1 For a map T : B → M to be “measure-
continuous” (or “continuous in measure”)
means that T fn → T f in measure whenever
fn → f in B.

mations from a Banach space B into the space M of (a.e. equivalence
classes of) real-valued Lebesgue-measurable functions on the unit
interval, and asked when (Tn f ) could be expected to converge a.e.
for every f ∈ B.

Banach’s paper establishes the dependence of this problem on a
favorable estimate for the maximal operator T#, defined by:

(1) T# f := sup
n
|Tn f | ( f ∈ B).

He proves three main theorems; the first, a necessary condition for
a.e. convergence, reveals the sort of “favorable estimate” that will
dominate the rest of the discussion.

1.1 Theorem.2 Suppose (Tn f ) converges a.e. for each f ∈ B. Then 2 Banach [3], Théoréme I, pp. 356-7.

(2) lim
λ→∞

sup
f∈B

µ{T# f > λ‖ f ‖} = 0,

where µ denotes Lebesgue measure on [0, 1].

Throughout these notes we use the notation
{g > λ} to denote {x ∈ X : g(x) > λ}.

To get some feeling for condition (2), define the distribution of a
non-negative, measurable function f on [0, 1] to be the function
γ f : [0, ∞]→ [0, 1] given by

(3) γ f (λ) = µ{ f > λ} (λ ≥ 0).

Clearly γ f decreases monotonically on [0, ∞], and it’s easy to see that

Later on we’ll see that certain important
integrals involving f can be rewritten as
Riemann integrals involving its distribution.
For example, if 1 ≤ p < ∞, then∫ 1

0
f (x)p dx = p

∫ ∞

0
λp−1 γ f (λ) dλ

(see, e.g., Corollary ??, page ??).

(4) f < ∞ a.e. ⇐⇒ lim
λ→∞

γ f (λ) = 0.
The backward implication of (4) holds for all
measures µ, the forward one only for finite
measures.

Theorem 1.1 seems to be a sort of “uniform-boundedness result”
in that asserts that a.e. convergence of (Tn f ) for each f ∈ B (i.e.,
“pointwise a.e. convergence”) implies that the distribution function
of T# f converges to 0 uniformly for f in the unit ball of B. It should
therefore come as no surprise that the proof we give here (Theorem
5.1, page 15) will involve the Baire Category Theorem.

Banach’s original proof used a more
complicated “gliding hump” argument to
show that if (2) were to fail, then (Tn f )
would not converge a.e. for some f ∈ B.

1.2 Theorem.3 If (Tn f ) converges a.e. for each f ∈ B, then the “limit 3 Banach [3], Théoréme II page 359.

operator” T : B→ M defined by

(5) T f (x) = lim
n

Tn f (x) ( f ∈ B, x ∈ [0, 1])

is measure-continuous.
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Sketch of proof. Equation (5) along with Theorem 1.1 implies the
maximal condition (2), which quickly implies that T# is measure-
continuous, and this property transfers easily to the limit operator T
defined by (5).

1.3 Theorem.4 Suppose: 4 Banach [3], Théoréme III page 359.

(a) T# f < ∞ a.e. for each f ∈ B, and

(b limn Tn f exists a.e. for each f in a dense subset of B. Then that limit
exists a.e. for every f ∈ B.

This, the most important result result in [3], gives us a program for
proving a.e. convergence:

First: Prove that limn Tn f exists a.e. for a dense subset of vectors
f ∈ B (usually this is the “easy” part).

Next: Prove that the maximal function T# obeys the maximal condi-
tion (2).

Then: We’re done! The uniformity baked into (2) allows the desired
a.e. convergence to be extended from the dense subset of B to the
whole space.

We’ll discuss “Banach’s program” for proving a.e. convergence (a.k.a.
Theorems 1.2 and 1.3) carefully in the next section, after which we’ll
show how it suffuses three famous a.e. convergence theorems:

Section 3: Lebesgue’s theorem on “differentiation of integrals.”

Section 6: Boundary convergence in the Dirichlet Problem (for the
upper half plane).

Section 4: Birkhoff’s “Pointwise Ergodic Theorem.”

We’ll give the ”Baire Category” proof of Banach’s necessary condition
for a.e. convergence (Theorem 1.1) in §5, along with discussion of
later refinements. Finally, we’ll close with a section devoted to Lp

estimates for the previously-appearing maximal functions.

It will turn out that all of them belong to L∞,
but none to L1. The question arises: What
about Lp for 1 < p < ∞ ?
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Part I: Basics
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2 Banach’s Program: Sufficiency

Although Banach worked only with Lebesgue measure on [0, 1], his
apply to very general measure spaces. Thus our interpretation of his
work in [3] will involve:

(a) A Banach space B, with norm ‖ · ‖.
Throughout these notes, B will be a real
Banach space. The passage to complex
scalars is easily achieved by applying the
“real” results to real and imaginary parts.(b) A measure space (X, F , µ), and its associated space M of (a.e.

equivalence classes of) scalar-valued measurable functions.

(c) A sequence (Tn)∞
1 of sublinear5 transformations B → M, each of 5 To say a mapping T : B → M is sublinear

means that whenever f , g ∈ M and a ∈ R:

- |T( f + g)| ≤ |T f |+ |Tg| a.e., and

- T(a f ) = |a| |T( f )| a.e.

For example, the maximal function T#

defined by (1) is sublinear, as is the map
f → |T f | for any linear T : B→ M.

which is “continuous in measure” (as described in sidenote 1 on
page 2), for which we define the “maximal operator” T# by:

(1) T# f := sup
n
|Tn f | ( f ∈ B),

Note that T# takes B into the collection of non-negative functions
on X that are F -measurable, but possibly not a.e. finite-valued.

2.1 Theorem.6 Suppose that: 6 Banach [3], Theoréme II and Theoréme III,
page 359. Here: Theorems 1.2 and 1.3.

(a) limn Tn f exists (finitely) a.e. for each f in a dense subset D of B.

and

(b) The maximal function T# obeys the “uniform maximal condition”

(2) lim
λ→0

sup
f∈B

µ{T# f > λ‖ f ‖} = 0 .

Then limn Tn f exists (finitely) for each f ∈ B, and the limit operator T
defined by

(5’) T f = lim
n→∞

Tn f ( f ∈ B, x ∈ X)

is a measure-continuous, sublinear map that taking B into M.

Proof. To begin the proof of part (a) let’s define, for f ∈ B:

(6) ∆ f (x) := lim sup
n

Tn f (x)− lim inf
n

Tn f (x) (x ∈ X) ,

and for λ > 0

(7) β(λ) := sup
f∈B

µ{T# f > λ‖ f ‖}

Thus we are assuming that limλ→∞ β(λ) = 0, and wish to show that
∆ f = 0 a.e. for each f ∈ B. This is already true for each f ∈ D, so
we’re faced with the familiar problem of using a “uniform condition”
to extend a known result from a dense subset to the whole space.

Observe that the right-hand side of (6) does
not have an “∞ −∞” problem because,
T# f < ∞ a.e. thanks to inequality (2), hence
both terms in question are a.e. finite.
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To this end, note that:

(∆a) 0 ≤ ∆ f ≤ 2 T# f a.e. for each f ∈ B.

(∆b) ∆( f − g) = ∆ f a.e. for each g ∈ D and f ∈ B.

Now fix f ∈ B, λ > 0, and δ > 0. Since D is dense in B there exists
g ∈ D such that ‖ f − g‖ < δ. Thus:

µ{∆ f > λ} = µ{∆( f − g) > λ}

≤ µ({T#( f − g) > λ})

≤ β
( λ

‖ f − g‖

)
≤ β(λ/δ) .

.

By (∆b) above.

By (∆a) above.

By the maximal inequality (2)

β is monotone decreasing.

In summary: for each positive λ and δ:

µ{∆ f > λ} ≤ β(λ/δ).

Upon keeping λ fixed and sending δ to 0, this inequality yields:

µ{∆ f > λ} = 0 for each λ > 0.

Since any countable union of sets of measure zero has measure zero:

µ{∆ f = 0} = µ
( ⋃

k∈N

{∆ f > 1/k}
)
= 0,

i.e., ∆ f = 0 a.e., as we wished to show.

It remains to prove part (b), the measure-continuity of the limit
operator T. This will follow from:

(*) T# takes B into M, and is measure-continuous.

Proof of (*). Note that by linearity it’s enough to show that if fn → 0
in B then T# fn → 0 in measure. To this end, fix λ > 0 and use the
maximal condition (2):

µ{T# fn > λ} = µ
{

T# fn >
λ

‖ fn‖
‖ fn‖

}
≤ β

( λ

‖ fn‖

)
Since limn ‖ fn‖ = 0 and limt→∞ β(t) = 0, we have limn β(λ/‖ fn‖) =

Here we use the fact that β is a monotoni-
cally decreasing function on (0, ∞).

0. Thus limn µ{T# fn > λ} = 0 for ] λ > 0, i.e., T# fn → 0 in measure
as n→ ∞. This completes the proof of (*).

To complete the proof that T is measure-continuous, note that
sublinearity allows us once again to restrict attention to continuity at
the origin. For this, suppose once again that limn ‖ fn‖ = 0. Then for
λ > 0 and n a non-negative integer:

µ{T fn > λ} = µ{lim
k

Tk fn > λ} ≤ µ{T# fn > λ}.

Thus limn µ{T fn > λ} = 0, hence T fn → 0 in measure. This
completes the proof of Theorem 2.1.
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3 The Lebesgue Differentiation Theorem

The Fundamental Theorem of Integral Calculus tells us that if
f : R→ R is continuous, with compact support, then

d
dx

∫ x

−∞
f (t) dt = f (x)

for each x ∈ R, i.e.

lim
r→0+

1
r

∫ x+r

x
f (t) dt = f (x) = lim

r→0+

1
r

∫ x

x−r
f (t) dt .

The argument stems from the uniform continuity of the function f ,
and actually proves something even stronger:

(8) lim
r→0+

1
2r

∫ x+r

x−r
| f (t)− f (x)| dt = 0 ( f ∈ l1(R).

for each x ∈ R and f continuous with compact support.

Lebesgue’s theorem says that if, instead of being continuous with
compact support, f is merely integrable on the real line, then (8) holds
for almost every x ∈ R, with the same being true in higher dimensions,
once we interpret the average on the left-hand side as extending over
the ball of radius r centered at the point x.

More precisely, suppose d ∈ N and denote by Br(x) the open
ball of radius r > 0, centered at x ∈ Rd. Let µ denote Lebesgue
measure for Rd, with L1(µ) (a.k.a. L1(Rd)) abbreviated to L1. For
later convenience we normalize µ to give measure 1 to balls of unit
radius.

3.1 Theorem (Lebegue’s Differentiation Theorem). For each f ∈ L1:

(9) lim
r→0+

1
µ{Br(x)}

∫
Br(x)
| f − f (x)| dµ = 0

for µ-almost-every x ∈ Rd.

The Lebesgue set of f ∈ L1 is the set of points x ∈ Rd for which (9)
holds. Its complement has measure zero, and for each of its points x:

lim
r→0+

1
µ{Br(x)}

∫
Br(x)

f dµ = f (x) .

In fact, much more is true; here’s an easy exercise that illustrates the
power of the strong form (9) of Lebesgue’s theorem. For simplicity,
we state this only for dimension d = 2.

For the proof in all finite dimensions see, e.g.
Rudin [23] §7.9, pp. 140-141.

3.2 Exercise. Suppose R is a family of closed rectangles in (for sim-
plicity) R2 such that: (a) Each x ∈ R2 lies in a sequence of rectangles
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from R whose diameters converge to zero, and (b) there exist num-
bers 0 < c < C such that for each R ∈ R, the ratio of the length of the
larger side to the length of the smaller side lies between c and C. Let
d(R) denote the diameter of the rectangle R, and write Rx for those
rectangles in R that contain the point x.

Show that for each f ∈ L1 and each x in the Lebesgue set of f :

f (x) = lim
d(R)→0

{ 1
µ(R)

∫
R

f dµ : R ∈ Rx

}
.

3.3 Exercise. Show that the conclusion of Theorem 3.1 (hence also that
of Exercise 3.2) continues to hold if we require only that f be locally
integrable on Rd, i.e., integrable over each ball.

Thus, for example, the Lebesgue Differenti-
ation Theorem remains true for each space
Lp(Rd), (1 < p < ∞), none of which is
contained within L1(Rd).

To place Lebesgue’s Theorem in the setting of Banach’s program, we
take the measure space to be euclidean d-space Rd, with Lebesgue
measure µ, the Banach space B to be L1 = L1(Rd), and the sequence7 7 We could as well work with the one-

parameter family {Tr : r > 0} of maps
defined by the average on the right-hand
side of (10). The proof of Theorem 2.1 goes
through unchanged for this situation, and the
same maximal theorem will apply.

of maps (Tn) to be those given for f ∈ L1 and x ∈ Rd by

(10) Tn f (x) = sup
0<r< 1

n

1
µ(Br(x))

∫
Br(x)
| f − f (x)| dµ ,

noting that each of these maps is now sublinear (in the sense of
sidenote 5 on page 5), and Lebesgue measurable.8 8 For x ∈ Rd we have Tn(x) =

sup{hr(x) : 0 < r < 1/n}, where hr
is continous on Rd. Suppose Tn f (x) > λ
for some x ∈ Rd and λ > 0. Then there
is an index r such that hr(x) > λ, so by
continuity there is a neighborhood U of x
on which hr > λ, hence the same is true
of Tn f . In other words, for every λ > 0
the set {Tn > λ} is open, which estab-
lishes the measurability (in fact, the lower
semi-continuity) of Tn f on Rd.

With this setup, the Lebesgue Differentiation Theorem, can be
rephrased:

lim
n→∞

Tn f = 0 a.e. for each f ∈ L1.

For the dense subset of B = L1 on which the desired a.e. convergence
(9) holds, we take D = Cc(Rd), the space of continuous functions
on Rd having compact support. That (9) holds for each f ∈ Cc(Rd)

follows easily from the fact that each such function is uniformly
continuous on R. Thus, to complete Banach’s program we need
“only” an appropriate inequality for the maximal operator T# defined
by

(11) T# f = sup
n

Tn f = sup
0<r<1

1
µ{Br(x)}

∫
Br(x)
| f − f (x)| dµ .

The desired inequality will follow from:

The argument we used in sidenote 8 to prove
measurability for Tn f works as well for both
T# f , and the Hardy-Littlewood maximal
function M f defined below.

3.4 Theorem (The Hardy-Littlewood Maximal Theorem). For f ∈ L1

and x ∈ Rd, define

(12) M f (x) := sup
r>0

1
µ{Br(x)}

∫
Br(x)
| f | dµ (x ∈ Rd).

Then for each λ > 0:

(13) µ{M f > λ} ≤ 3d

λ
‖ f ‖1 .
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3.5 Corollary. M f < ∞ a.e. for each f ∈ L1.

Proof of Corollary. Fix f ∈ L1. From inequality (13) we know that for
each n ∈ N the set {M f > n} has measure ≤ 3d‖ f ‖1 · 1

n . The set
{M f = ∞} is the decreasing intersection of the sets {M f > n}, and
each of these sets lies in {M f > 1} which, by inequality (13), has
finite measure, it follows from the “continuity of measure” that

µ{M f = ∞} = lim
n

µ{M f > n} = 0.

Inequality (13) calls to mind:

Also known as “Markov’s Inequality,” or “The
Chebyshev-Markov Inequality.”
Proof. For f ∈ L1:

λµ{| f | > λ} ≤
∫
{| f |>λ}

| f | dµ ≤ ‖ f ‖1.

Chebyshev’s Inequality. For each f ∈ L1 and λ > 0:

µ{| f | > λ} ≤ 1
λ
‖ f ‖1 .

This inequality suggests that a strategy for proving the Hardy-
Littlewood Maximal Theorem might be to show that f ∈ L1 implies
M f ∈ L1, hopefully with a constant C (independent of f ) such that
‖M f ‖1 ≤ C‖ f ‖1. Then Chebyshev’s inequality would yield the
Hardy-Littlewood Maximal Theorem (with C replacing 3d on the
right-hand side). Sadly:

3.6 Proposition. If f ∈ L1 is not a.e. equal to 0, then M f /∈ L1 .

Proof. It’s enough to prove this for f = χK, the characteristic function
of a compact subset K of Rd that has positive measure. Let δ be the
radius of the smallest closed origin-centered ball that contains K. Fix
x ∈ Rd\K. Then the closed ball of radius r = |x|+ δ, centered at x,
contains K, so

Here we use the fact that an open ball and its
closure have the same Lebesgue measure,
as well as the scaling property of Lebesgue
measure, and our normalization that balls of
radius 1 have measure 1.

(M χK )(x) ≥ 1
µ{Br(x)}

∫
Br(x)

χK dµ =
µ(K)

rd =
µ(K)

(|x|+ δ)d .

Since the right-hand side of this inequality is not integrable over
Rd\K, neither is M χK . Conclusion: M χK /∈ L1.

Proof of the Hardy-Littlewood Maximal Theorem

Fix λ > 0 and f ∈ L1 with f ≥ 0 a.e. By the regularity of Lebesgue
measure, it’s enough to prove (13) for any compact subset K of
{M f > λ}. Fix such a set K.

For each x ∈ K the definition of M f (x) promises that there is an
open ball Bx centered at x such that

(14)
1

µ{Bx}

∫
Bx

f dµ > λ , i.e., that µ{Bx} <
1
λ

∫
Bx

f dµ .

Since the collection of balls B := {Bx : x ∈ K} is an open cover of K,
there exists a finite subcollection {Bxj}n

1 that still covers K.
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Let’s write Bj for Bxj , and (temporarily) indulge in some wishful
thinking. Suppose our subcollection of Bj’s were pairwise disjoint!
Then we’d have:

µ{K} ≤ µ
{ n⋃

j=1

Bj

}
≤

n

∑
j=1

µ{Bj}

≤
n

∑
j=1

1
λ

∫
Bj

| f | dµ [by (14)]

=
1
λ

∫
∪jBj

| f | dµ [by disjointness !]

≤ 1
λ

∫
R
| f | dµ =

1
λ
‖ f ‖1

which would prove the Maximal Theorem (with a better constant).
Needless to say, the finite subcollection {Bj}n

1 of K need not be
pairwise disjoint. However all is not lost; a beautiful covering argu-
ment due to Norbert Wiener [27] saves the day! Choose a ball Bj ∈ B

of largest radius (if there are several, make an arbitrary choice). Call
this ball L1, and remove from B: not only L1, but also all the “satel-
lite” balls in B that intersect it. Note that 3L1, the open ball having
the same center as L1 and three times its radius, contains every one
of these satellites!

If L1 and its satellites exhaust all of B, stop. Otherwise do the
same with the remaining balls in B, i.e., choose the largest one—
call it L2, remove it and all its satellites, and note that L1 is disjoint
from L1, and that 3L2 swallows up all of L2’s satellites. Continue if
necessary. Because the initial covering of K was finite, this process
must eventually halt, resulting in a finite, pairwise-disjoint collection
{Lk}`1 of open balls with centers in K, such that {3Lk}`1 covers K.
Thus:

µ(K) ≤ µ
{ ⋃̀

k=1

3Lk

}
≤

`

∑
k=1

µ{3Lk}︸ ︷︷ ︸
since K⊂⋃k 3Lk

= 3d
`

∑
k=1

µ{Lk}︸ ︷︷ ︸
since µ{3Lk}= 3dmu{Lk}

.

The estimate now proceeds as in the “wishful thinking” argument,
with Lk’s replacing the Bj’s.

4 Birkhoff’s Ergodic Theorem.

Our setting shifts now to L1 = L1(µ), where (X, F , µ) is a probability
space, i.e., a measure space for which µ(X) = 1. We’ll deal with
mappings ϕ : X → X that are not just measurable (in that ϕ−1(F) ∈ F

for each F ∈ F ), but measure-preserving (in that µ(ϕ−1F) = µ(F)
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for every F ∈ F ). In this case the 4-tuple (X, F , µ, ϕ) is called a
measure-preserving system.

Whereupon we call µ a probability measure.

4.1 Example. Let X = {z ∈ C : |z| = 1}, the unit circle of the complex
plane, and µ = Lebesgue arc-length measure on X, normalized to
have total mass 1. Let ϕ denote the “angle-doubling” map on X,
defined by Tz = z2. Being continuous, ϕ is a measurable mapping. ϕ

is measure-preserving because T−1F, for each not-too-large arc F of
X, is the disjoint union of two arcs each having half the length of the
original.

Suppose (X, F , µ, ϕ) is a measure-preserving system. We study the
orbits (ϕnx)∞

0 for each x ∈ X, where ϕn is the composition of ϕ with
itself n times.9 In particular, we study, for each f ∈ L1, the “time 9 ϕ0 is the identity map.

averages”

(15) Tn f (x) =
1
n

n−1

∑
k=0

f (ϕnx) (x ∈ X).

4.2 Theorem (The Birkhoff Ergodic Theorem). For (X, F , µ, ϕ) a
measure-preserving system, and f ∈ L1, there exists f̃ ∈ L1 such that:

(a) lim
n→∞

Tn f (x) = f̃ (x) for a.e. x ∈ X.

(b) f̃ ◦ ϕ = f̃ a.e. .

(c)
∫

f̃ dµ =
∫

f dµ

Birkhoff [4], 1931. The term “ergodic”, is said
to have been invented by Boltzmann in the
mid-1880’s as a portmanteau of the Greek
ergon (energy) and hodos (path).

The mathematical study of “Ergodic Theory”
arises from “statistical mechanics,” which
arose from attempts by Boltzman and others
in the late 1880’s to explain thermodynamic
phenomena via newtonian mechanics. For
concise and informative discussions of this
rich history, see Eisner, et al [7], especially
Chapter 1, pp. 2–4, and Chapter 5, pp.
67-69.To set Birkhoff’s Theorem within Banach’s program, we already have:

the measure space, the Banach space B = L1, and the sequence (Tn)

of linear maps. The “good” dense subset of B on which the desired
a.e. convergence is known to hold will turn out to be D = L2 = L2(µ).
The argument here, which is not entirely trivial, will make essential
use of the Hilbert space structure of L2; it will yield, as an additional
benefit, the “Mean Ergodic Theorem” of John von Neumann.

The maximal inequality that will finish the proof of Birkhoff’s
result will arise from something that looks quite different:

4.3 Lemma (The “Maximal Ergodic Lemma”). Suppose (X, F , µ, ϕ) is a
measure-preserving system, f ∈ L1, and Tn f is defined by (15). Let

T# f (x) = sup
n

Tn f (x) = sup
n

1
n

n−1

∑
k=0

f (ϕnx) (x ∈ X).

Then for each f ∈ L1: ∫
{T# f>0}

f dµ ≥ 0 .

Note that here, unlike Banach’s definition
of T#, we do not surround Tn f by absolute
values.

Before proving this result, let’s see how it implies the sort of maxi-
mal inequality required by Banach’s Sufficient Condition (Theorem
2.1). Continuing with the notation of Lemma 4.3:
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4.4 Theorem (The “Ergodic Maximal Theorem”). For each f ∈ L1:

(16) sup
f∈L1

µ{T#| f | > λ‖ f ‖1} ≤
1
λ

(λ > 0).

Rather than Banach’s definition of T#, which
uses |Tn f |, we use here Tn| f |, which
gives an even larger version of the maximal
function.

Proof. Given f ∈ L1 and λ > 0, apply Lemma 4.3 to g := | f | − λ. Let

Eλ = {T#g > 0} = {T#| f | > λ}

Then

0 ≤
∫

Eλ

g dµ =
∫

Eλ

(| f | − λ) dµ

=
∫

Eλ

| f | dµ− λµ(Eλ)

≤ ‖ f ‖1 − λµ(Eλ),

which establishes (16).

Proof of Theorem 4.2, part (a). By Theorem 4.4 the maximal inequality
(2) holds for T#, so by Theorem ?? the “good set”:

G := { f ∈ L1 : (Tn f )∞
1 converges a.e.}

is closed in L1(µ). It remains to show that G is dense in L1(µ). For
this, we’ll exploit the Hilbert-space structure of L2 to show that it has
a dense subspace that belongs to G. Since L2-convergence implies L1

convergence G contains L2 = L2(µ), which is itself a dense subspace
of L1.

Since µ(X) < ∞ we know that L2(µ) is
contained in L1(µ), and since µ(X) = 1 we
know that ‖ · ‖1 is ≤ ‖ · ‖2 on L2. Since the
simple functions form a dense subspace of
L2, they must also be dense in L1.

This operator was introduced into the study
of Hamiltonian dynamical systems by
Bernard Koopman [15, 1931], whose work
inspired von Neumann’s proof of his “Mean
Ergodic Theorem” [22, 1932]. The survey
article [18, 2021] describes some of the
Koopman operator’s recent theoretical and
practical applications.

To this end, we study the “Koopman Operator” U the the mapping
ϕ induces on L2:

U f = f ◦ ϕ ( f ∈ L2).

Since ϕ is measure-preserving, the change-of-variable formula in-
sures that U is isometric on every Lp space, i.e., ‖U f ‖p = ‖ f ‖p for
each f ∈ Lp. We’ll be particularly concerned with the subspace K of
L2 consisting of ϕ-invariant functions:

K := { f ∈ L2 : f = f ◦ ϕ} = ker(I −U)

For each f ∈ K and n ≥ 0 we have f ◦ ϕn = f , hence Tn f = f .
Thus K ⊂ G, trivially, so we can complete the proof that L2 ⊂ G, by
proving that the orthogonal complement K ⊥ of K in L2, also lies in
G, i.e., that (Tn f ) converges a.e. for each f in K ⊥. Proof of (17). Suppose f ∈ ker(I −U), i.e.,

that U f = f . Then use the inner product
of L2(µ) to compute ‖ f −U∗ f ‖2 where
U∗, the adjoint of U while not necessarily
an isometry is still a contraction: ‖U∗‖ ≤ 1.
The resulting computation (real scalars) is:

0 = ‖ f −U∗ f ‖2
2 = 〈 f −U∗ f , f −U∗ f 〉

= ‖ f ‖2
2 + ‖U∗ f ‖2

2 − 2〈 f , U∗ f 〉

≤ 2‖ f ‖2
2 − 2〈U f , f 〉

= 2(‖ f ‖2
2 − 〈 f , f 〉) = 0

Proof that K ⊥ ⊂ G. Because U is isometric we know that

(17) ker(I −U) = ker(I −U∗),
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i.e., if U fixes f then so does U∗.
Thus, to finish our proof we need only show that (Tn f ) converges

a.e. for each f ∈ ran (I − U). Fix f ∈ ran (I − U). Then for some
g ∈ L2:

f = (I −U)g = g−Ug = g− g ◦ ϕ,

so

Tn f :=
1
n

n−1

∑
k=0

f ◦ ϕk =
1
n

n−1

∑
k=0

(g ◦ ϕk − g ◦ ϕk+1) =
1
n

g − 1
n

g ◦ ϕn

Since g/n → 0 a.e., all depends on showing that the same is true for
g ◦ ϕn/n. This is easy: ‖g ◦ ϕn‖2 = ‖g‖2 since ϕ is measure-preserving,
hence ∫

∑
n

∣∣∣∣ g ◦ ϕn

n

∣∣∣∣2 dµ = ∑
n

∫ ∣∣∣∣ g ◦ ϕn

n

∣∣∣∣2 dµ = ∑
n

∥∥∥ g ◦ ϕn

n

∥∥∥2

2

= ∑
n

∥∥∥ g
n

∥∥∥2

2
= ‖g‖2

2 ∑
n

1
n2 < ∞

Consequently ∑
n

∣∣∣∣ g ◦ ϕn

n

∣∣∣∣2 < ∞ a.e., so
g ◦ ϕn

n
→ 0 a.e. .

Conclusions. (Tn f )∞
1 converges a.e. for each f in a subspace

of L2(µ) that is dense in L2(µ), hence also dense in L1(µ). Thus
we’ve fulfilled the conditions of Banach’s two-step program, so have
established that (Tn f )∞

1 converges a.e. for each f ∈ L1(µ). This
completes the proof of part (a) of the Birkhoff Ergodic Theorem.

Proof of Theorem 4.2, parts (b) and (c). To prove part (b) we need only
observe that for f ∈ L1(µ)

(Tn f ) ◦ ϕ + f
n = n+1

n Tn+1 f a.e.,

where the left-hand side converges a.e. to f̃ ◦ ϕ and the right-hand
side a.e. to f̃ .

As for part (c): It follows from part (a) and Fatou’s Lemma that
f̃ ∈ L1(µ). Recall that our argument that (Tn f ) converges a.e. on a
dense subset of L1(µ) actually showed that it converges on a dense
subset of L2(µ) to P f , where P is the orthogonal projection taking
L2(µ) onto the kernel of the operator U : f → f ◦ ϕ. Since ϕ is
measure-preserving for µ, the operator Tn is a contraction10 on each 10 Meaning: the norm of Tn f is ≤ that of f .

of the Banach spaces Lp(µ) for 1 ≤ p ≤ ∞. In particular, an “ε/3
argument” shows that:

Tn f → P f in the norm of L2(µ), This is von Neumann’s “Mean Ergodic
Theorem” [22, 1932] .
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hence also that Tn f → P f in the (weaker) norm of L1(µ). In particu-
lar,

∫
P f dµ =

∫
f dµ for every f ∈ L1(µ), thus completing the proof

of Birkhoff’s Ergodic Theorem with f̃ = P f in part (c).

Remark. The orthogonal projection P : L2(µ) → ker(I −U) is the
Radon-Nikodym derivative of f dµ with respect to the restriction
of µ to the σ-algebra Fϕ of ϕ-invariant subsets of F , i.e, it’s the
“conditional expectation” of f with respect to Fϕ, as is its extension
to L1(µ).

Proof of Lemma 4.3 11 For f ∈ L1(µ) and n ∈N let 11 See, e.g., Taylor [26], Lemma 14.4, p. 196.

Sn f := nTn = f + f ◦ ϕ + f ◦ ϕ2 + . . . + f ◦ ϕn−1

and write
S#

n f := max
1≤k≤n

Sk f .

It’s enough to prove that for each n ∈N:

(18)
∫
{S#

n f>0}
f dµ ≥ 0 .

To this end, note that for 1 ≤ k ≤ n and we have (S#
n f )+ ≥ Sk f , so Notation: g+ := max{g, 0}

f + (S#
n f )+ ◦ ϕ ≥ f + (Sk f ) ◦ ϕ = Sk+1 f ,

In particular, for 2 ≤ k ≤ n

f ≥ Sk f − (S#
n f )+ ◦ T ,

and the same, trivially, for n = 1. Thus upon max-ing the right-hand
side over 1 ≤ k ≤ n we obtain

(19) f ≥ S#
n f − (S#

n f )+ ◦ ϕ .

Finally, we integrate both sides of (19) over En := {S#
n f > 0}:∫

En
f dµ ≥

∫
En
(S#

n f − (S#
n f )+ ◦ ϕ) dµ

=
∫

En

(
(S#

n f )+ − (S#
n f )+ ◦ ϕ

)
dµ

=
∫

X
(S#

n f )+ dµ−
∫

En
(S#

n f )+ ◦ ϕ) dµ

≥
∫

X
(S#

n f )+ dµ−
∫

X
(S#

n f )+ ◦ ϕ) dµ

=
∫

X
(S#

n f )+ dµ−
∫

X
(S#

n f )+ dµ

= 0

By definition of En.

b/c (S#
n f )+ = 0 on X\En.

Composition preserves positivity.

T is (µ-)measure-preserving.
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5 Banach’s Necessary Condition

We now turn to Banach’s First Principle, which asserts necessity of
the uniform estimate (2) on page 2 for a.e. convergence. For this we
return to the general setting:

- (X, F , µ) is a measure space,

- M is the vector space of (µ-equivalence classes of) a.e. finite, F -
measurable, real-valued functions on X,

- B is a Banach space with norm ‖ · ‖, and

- Tn (for n ∈ N) is a linear transformation B → M that is “continu-
ous in measure.”

- T# is the maximal operator for the sequence (Tn):

T# f = sup
n∈N

|Tn f | ( f ∈ B).

- β(λ) := sup
f∈B

µ{|T# f | > λ‖ f ‖} = sup
‖ f ‖=1

µ{|T# f | > λ} (λ > 0).

5.1 Theorem. (Banach’s necessary condition for a.e. convergence)12 12 Banach [3], Theoréme I, page 356.

Suppose µ(X) < ∞. If T# f < ∞ a.e. for each f ∈ B, then

(20) lim
λ→∞

β(λ) = 0 .

Convergence in measure is metrizable

To assist our proof, we note that the space M supports a complete
metric d whose convergent sequences are precisely those that con-
verge in measure.

5.2 Proposition. For f , g ∈ M let

(21) d( f , g) :=
∫ | f − g|

1 + | f − g| dµ .

Then:

(a) d is a translation-invariant metric on M.

(b) For a sequence ( fn) in M, and f ∈ M:

fn → f in measure ⇐⇒ d( fn, f )→ 0 (n→ ∞).

(c) (M, d) is a complete metric space.
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Proof. (a) Let ν( f ) := d( f , 0) for f ∈ M. Then the triangle inequality
for d is equivalent to

ν( f + g) ≤ ν( f ) + ν(g) ( f , g ∈ M),

and this in turn follows from the fact that for each pair x, y of non-
negative real numbers:

x + y
1 + x + y

≤ x
1 + x

+
y

1 + y
.

That the other metric axioms are satisfied by d is obvious.
(b) We may, without loss of generality, assume f = 0 (a.e.). Sup-

pose d( fn, 0)→ 0. Then for each n ∈N and λ > 0:

d( fn, 0) =
∫ | fn|

1 + | fn|
dµ ≥

∫
{| fn |>λ}

| fn|
1 + | fn|

dm ,

hence

(22) d( fn, 0) ≥ λ

1 + λ
µ{| fn| > λ} .

Here we use the monotone-increasing-ness
of the function t→ t/(1 + t) on the positive
real axis.

Thus d( fn, 0) → 0 =⇒ µ{ fn > λ} → 0 for each λ > 0, i.e., fn → 0 in
measure.

Conversely, if fn → 0 in measure then some subsequence ( fnk )

converges to 0 a.e., so d( fnk , 0) → 0 by the Dominated Convergence
Theorem.

(c) We use the fact that a sequence in M that is Cauchy in measure
must converge in measure13. Suppose a sequence in M is d-Cauchy. 13 See, e.g., Halmos [13], Theorem E, page

93, which uses “fundamental in measure” for
what we’re calling “Cauchy in measure”.

Then by inequality (22) our sequence is Cauchy in measure, hence
convergent in measure to some f ∈ M. Thus by the just-proved part
(b), our sequence d-converges to f .

For λ and ε both > 0, define

(23) Vλ,ε := { f ∈ M : µ{| f | > λ} ≤ ε}.

With this notation: fn → f in measure iff for every positive λ and ε:
eventually fn − f ∈ Vλ,ε .

5.3 Proposition. For each positive λ and ε the set Vλ,ε is closed in (M, d).

Proof. Suppose fn ∈ Vλ,ε for each n ∈N, and that fn → f in measure.
We wish to show that f ∈ Vλ,ε. To this end, fix ν > λ and note that

{| f | > ν} ⊂ {| f − fn| > ν− λ} ∪ {| fn| > λ} ,

hence
µ{| f | > ν} ≤ µ{| f − fn| > ν− λ}+ µ{| fn| > λ}
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The first summand on the right→ 0 as n → ∞ (since fn → f in
measure), while the second one is ≤ ε (since each fn ∈ Vε,λ). Thus
µ{| f | > ν} ≤ ε for each ν > λ, consequently µ{| f | > λ} ≤ ε, as
desired.

The same argument shows that

M\Vλ,ε = { f ∈ M : µ{| f | > λ} ≥ ε}

is closed in M. Thus its complement

Vo
ε,λ := { f ∈ M : µ{| f | > λ} < ε}

is open in M.

Proof of Theorem 5.1

Fix f ∈ B and ε > 0, and note that, because T# f < ∞ a.e. there exists
a positive integer n = n(ε, f ) such that µ{T# f > n} ≤ ε. Thus

(24) B =
⋃

n∈N

{ f ∈ B : µ{T# f > n} ≤ ε} =
⋃

n∈N

(T#)−1(Vn,ε)

For N ∈N define T#
N : B→ M by:

T#
N f = sup

1≤n≤N
|Tn f | ( f ∈ B).

Since each Tn is a continuous map B → M, the same is true of T#
N ,

hence T#
N f ↗ T# f as N ↗ ∞ , for each f ∈ B. Consequently:

(T#)−1(Vn,ε) = { f ∈ B : µ{T# f > n} ≤ ε}

=
⋂

N∈N

{ f ∈ B : µ{T#
N f > n} ≤ ε}

=
⋂

N∈N

(T#
N)
−1(Vn,ε) .

Since the mapping T#
N is continuous, and Vn,ε is closed in M (Propo-

sition 5.3) we know that (T#
N)
−1(Vn,ε) is closed in B, hence the same

is true of (T#)−1(Vn,ε). Thus (24) expresses B as a countable union
of these closed sets, so the Baire’s Theorem14 guarantees that one of 14 See, e.g., Axler [2], §6E, page 185.

them must contain a d-ball. Put more plainly: there exists n ∈ N,
f0 ∈ B, and δ > 0 such that

(25) ‖ f − f0‖ ≤ δ =⇒ µ{A# f > n} ≤ ε .

It only remains to translate this “ f0-centered ” result to the origin. To
this end, write g = ( f − f0)/δ . Thus g is an arbitrary unit vector in
B, and upon noting that the additivity of each map Tn guarantees
sub-additivity for T#, we obtain :

δ T#g = T#( f − f0) ≤ T# f + T# f0

which, along with (25) yields

µ{δT#g > 2n} ≤ µ{T# f > n}︸ ︷︷ ︸
≤ε since ‖ f− f0‖≤δ

+ µ{T# f0 > n}︸ ︷︷ ︸
≤ε

≤ 2ε
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In summary, given ε > 0 there exists n ∈N such that:

(26) g ∈ B with ‖g‖ = 1 =⇒ µ{T#g > 2n/δ} ≤ 2ε .

Since can rewrite the definition of β(λ) from (20) as

β(λ) = sup
‖g‖=1

µ{T#g > λ} ,

estimate (26) implies

β(2n/δ) = sup
‖g‖≤1

µ{T#g > 2n/δ} ≤ 2ε.

Thus: given ε > 0 we’ve found λε := 2n/δ > 0 such that β(λε) ≤ 2ε.
Since the ϕ(λ) decreases as λ increases, we have the desired result:
lim

λ→∞
β(λ) = 0.

Estimates for β(λ).

In each of our examples of Banach’s program, the Banach space B
has been the L1 space of a measure,15 and the resulting maximal 15 More specifically, a probability measure, or

Lebesgue measure on Rd.inequality has had the form

(27) β(λ) = O
(

1
λ

)
(λ→ ∞).

Elias Stein16 showed that estimate (27) holds in Banach’s necessary 16 [25], 1961

condition whenever B is a “nicely embedded” translation-invariant
subspace of L1(G), where G is a compact abelian group, and each Tn

is a bounded linear operator on B that commutes each translation
operator τh : f → fh.

Here “nicely embedded” means that B ⊂
L1(G) with the identity map a bounded
operator B → L1. To say B is “translation-
invariant” means that for each f ∈ B and
h ∈ G, the “h-translate” fh, defined by

fh(g) := f (g + h) (g, h ∈ G)

is in B with ‖ f ‖ = ‖ fh‖.

Stein showed that for the special case B = Lp(G) with 1 ≤ p ≤ 2,
there results an even better improvement of Banach’s necessary
condition:

(28) β(λ) = O
(

1
λ

)p
(λ→ ∞).

Special cases of Stein’s Lp result had been proved much earlier by
Kolmogorov [14, 1925] and Calderon. Kolmogorov used an existing
a.e. convergence result for conjugate Fourier series in L1 to derive
estimate (28) with p = 1 for the resulting maximal function, and
Calderon showed that if the Fourier series of each L2 function were to
converge pointwise a.e., then the associated maximal function would
obey (28) with p = 2.

Stein [25] attributes this result to Calderon. It
appears (unattributed) along with a sketch of
proof in [28] as Theorem 1.22 on page 65.
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Part II

Hardy-Littlewood Redux



a.e convergence 20

6 A Dirichlet Problem

In this section we will consider real-valued functions u on the eu-
clidean upper half-plane UHP = {(x, y) ∈ R2 : y > 0} that are
harmonic, i.e., that satisfy Laplace’s equation

(29)
∂2u
∂x2 +

∂2u
∂y2 = 0

at each point. The Dirichlet problem asks for a function u harmonic
on UHP linked, in some way, to “boundary data” prescribed by an
integrable function f : R→ R.

In the real world, one might imagine UHP to
be a flat metal sheet, to which, at time t = 0,
an initial temperature f (x) is applied at
each point x ∈ R. There results, at each
point (x, y) ∈ UHP, and each time t > 0,
a temperature U(x, y, t). At each point
of UHP the “steady-state” temperature
u(x, y) = limt→∞ U(x, y, t), exists, and
satisfies Laplace’s equation.

The Poisson Integral

Everything in this section springs from the function p : R → R

defined by:

(30) p(x) :=
1
π

1
1 + x2 (x ∈ R),

where the factor 1
π is inserted to make the integral of ϕ over the real

line equal to 1. The Poisson kernel for level y > 0 is the function Py

defined on R by

(31) Py(x) :=
1
y

p
( x

y

)
=

1
π

y
x2 + y2 (x, y) ∈ UHP.

Figure 1: Graph of Poisson kernel Py(x) =
1
y ϕ(x/y) for three different values of y > 0
(smaller values give “peakier” graphs).

Each Poisson kernel Py is clearly non-negative, bounded, continuous
on R and, for each y > 0, convergent to 0 as x → ±∞. By a simple
change of variable∫

R
Py(x) dx =

1
π

∫
R

dx
1 + x2 dx = 1

for each y > 0.

6.1 Proposition. For f ∈ L1(R), the “Poisson integral”

P[ f ](x, y) :=
∫

R
Py(x− t) f (t) dt (x ∈ R)

exists for every x ∈ R, and defines a function P[ f ] harmonic on UHP.

Proof. Upon identifying the point (x, y) ∈ R2 with the complex
number z = x + iy, and observing that Py(x) = Re

(
i/(πz)

)
for each

z ∈ C\{0}, we see that:

πP[ f ](z) :=
∫

R
Re

i
z− t

f (t) dt = Re
∫

R

i
z− t

f (t) dt ,

Thus to show that P[ f ] is harmonic it will be enough to show that

The last equality uses from real-valuedness
of f , and the definition of integral of a
complex-valued function in terms of the
integrals of its real and imaginary parts.
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the function F defined on UHP by The existence of the integral is not in doubt,
since f is integrable and the integrand’s
denominator is bounded below by the
distance from the (fixed) point z ∈ UHP to
the real line.

F(z) :=
∫

R

f (t)
z− t

dt (z ∈ UHP)

is analytic on UHP, i.e., that its complex derivative exists there.
To this end, fix points z and z0 in UHP and compute:

F(z)− F(z0)

z− z0
= −

∫
R

f (t)
(z− t)(z0 − t)

dt .

In the integral on the right, the integrand’s denominator is bounded
away from zero (with bound depending only on z and z0), and as
z → z0 the integrand converges pointwise (almost everywhere) to
f (t)/(z0 − t)2.

What we’ve really done here is justify an
interchange of differentiation (with respect to
z) with integration.

Thus by the Dominated Convergence Theorem, F is differentiable
at z0, with

F′(z0) = −
∫

R

f (t)
(z− t)2 dt .

Consequence: P[ f ] is the real part of the iF, a function analytic on the
upper half-plane, hence P[ f ] is harmonic there.

Thanks to the Cauchy-Riemann equations,
the real part of any function analytic on an
open subset of the plane is harmonic there
(see, e.g. [24], Ch.2, §14-16, pp. 23–25).

Does P[ f ] solve the Dirichlet problem for boundary data f ∈ L1?
The answer is “Yes” . . . in the following sense:

6.2 Theorem. If f ∈ L1 and u = P[ f ] then u is harmonic on UHP, and

lim
y→0+

u(x, y) = f (x) for a.e. x ∈ R.

The harmonicity of u has already been established. To prove its a.e.
convergence to f we’ll follow Banach’s program, taking

(a) L1 = L1(R) for the Banach space B.

(b) The space of (a.e. equivalence classes of) Lebesgue-measurable
real-valued functions on R for the space M.

(c) The one-parameter family sublinear maps Ty defined for f ∈ L1

and y > 0 by

Ty f (x) = |P[ f ](x, y)− f (x)| (x ∈ R).

In these terms the conclusion of Theorem 6.2 becomes: “limy→0 Ty f (x) =
0 for a.e. x ∈ R.”

(d) Cc = those f : R → R that are continuous and compactly
supported, for the dense subset D of B on which Theorem 6.2 is
known to hold. That Cc belongs to the “good set” for Theorem 6.2

The denseness of D in L1 follows easily
from the fact that it contains each function
continuous on R having compact support.

is made clear by the Proposition below.
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6.3 Proposition. Suppose f ∈ L1(R) is bounded and uniformly continuous
on R. Then the function u : UHP→ R defined by UHP := {z = x + iy ∈ C : y ≥ 0}, the

“closed upper half-plane.”

u =

P[ f ] on UHP

f on R

is harmonic on UHP and continuous on UHP.

Proof. We’ll need the following properties of the Poisson kernel:

(P1) Py ≥ 0 for each y > 0,

(P2)
∫

R
Py(x) dx = 1 for each y > 0, and

(P3) limy→0+
∫
|x|>δ Py(x) dx = 0 for each δ > 0.

We noted the first two of these properties in the paragraph preceed-
ing Proposition 6.1 above. For the third, fix positive numbers δ and
y; then use the even-ness of Py and the change-of-variable x = ty to
compute:∫

|x|>δ
Py(x) dx = 2

∫ ∞

x=δ

1
y

ϕ
( x

y

)
dx = 2

∫ ∞

t=δ/y
ϕ(t) dt .

Property (P3) follows from this and the integrability of ϕ over R.
We prove the Proposition by showing that limy→0+ P[ f ](x, y) =

f (x), where the convergence is uniform for x ∈ R. To this end, fix
ε > 0 and use the uniform continuity of f to choose δ0 > 0 such that

|t| < δ0 =⇒ | f (x− t)− f (x)| < ε/2 (∀ x ∈ R) .

By condition (P3) above, we can choose δ > 0 so that

0 < y < δ =⇒
∫
|t|≥δ0

Py(t) dt <
ε

2‖ f ‖∞
. ‖ f ‖∞ := supt∈R | f (t)| .

Fix (x, y) ∈ UHP and note that:

[Change of variable]

P[ f ](x, y)− f (x) =
∫

R
Py(x− t) f (t) dt− f (x)

=
∫

R
f (x− t)Py(t) dt− f (x)

=
∫

R
[ f (x− t)− f (x)] Py(t) dt .(32) [Property (P2) of Poisson kernel]

Now estimate (using in the first line the positivity of Py):

|P[ f ](x, y)− f (x)| ≤
∫

R
| f (x− t)− f (x)| Py(t) dt

=
∫
|t|<δ0

+
∫
|t≥δ0

| f (x− t)− f (x)| Py(t) dt

≡ I1 + I2,
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where

I1 =
∫
|t|<δ0

| f (x− t)− f (x)|︸ ︷︷ ︸
<ε by choice of δ0

Py(t) dt <
ε

2

∫
|t|<δ

Py(t) dt︸ ︷︷ ︸
≤1 by (P2)

≤ ε

2
.

For the second integral we have this estimate for 0 < y < δ:

|I2| =
∫
|t|≥δ0

| f (x− t)− f (x)|︸ ︷︷ ︸
≤2‖ f ‖∞

Py(t) dt

≤ 2‖ f ‖∞

∫
|t|≥δ0

Py(t) dt︸ ︷︷ ︸
< ε

2‖ f ‖∞ by choice of δ

<
ε

2

Thus for each x ∈ R:

0 < y < δ =⇒
∣∣P[ f ](x, y)− f (x)

∣∣ ≤ I1 + I2 < ε ,

which establishes the uniform convergence of P[ f ](x, y) to f .

Thus the desired a.e. convergence will follow, via Banach’s program
(extended to one-parameter families of operators, as indicated in
sidenote 7, page 8), from Theorem 2.1 and a favorable estimate on
the maximal function T# f = supy>0 Ty f . For this we’ll prove such an
estimate for the Poisson Maximal Function

(33) P# f (x) := sup
y>0

(∣∣P[ f ]
∣∣)(x, y) (x ∈ R).

6.4 Theorem (The “Poisson Maximal Theorem”). For each f ∈ L1(R)

and λ > 0
µ{P# f > λ} ≤ 3

λ
‖ f ‖1 ,

where µ denotes Lebesgue measure on R.

Proof that Theorem 6.4 implies Theorem 6.2. Since constant functions are
fixed points for Poisson integrals, we have for each f ∈ L1 and x ∈ R:

(T# f )(x) ≤ sup
0<y<1

|P[ f ](x, y)|+ | f (x)|

≤ (P# f )(x) + | f (x)|.

Thus, as in our proof of the Lebesgue Differentiation Theorem,

m{T# f > λ} ≤ m{P# f > λ/2}+ m{| f | > λ/2}

≤ 6
λ
‖ f ‖1 +

2
λ
‖ f ‖1

=
8
λ
‖ f ‖1,
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which, thanks to Theorem 2.1, yields Theorem 6.2.

By Theorem 6.4 and Chebyshev’s inequality.

Proof of Theorem 6.4 (and therefore of Theorem 6.2). Fix γ > 1. We’ll
construct a “wedding-cake” w : R→ (0, ∞) whose graph lies between
those of p and γp. To do this, draw the largest possible closed

Recall the Poisson kernel: Py(x) =
y−1 p(x/y), where p(x) = (π(1 + x2))−1.

rectangle (sides parallel to the coordinate axes) that has top edge
at height p(0) and which fits between the graphs of p and γp. Now
draw another such rectangle, the largest one whose top edge contains
the bottom edge of the first rectangle, and which again fits between
the two graphs. Continue the process (forever), obtaining a function
x → w(x) whose graph looks like the side view of a wedding cake
(see Figure 2).

Figure 2: The “wedding-cake” constructionFor j ∈ N, denote by Bj the interval obtained by projecting the
base of j-th rectangle formed above onto the horizontal axis, and let
Hj =

1
µ(Bj)

χBj . Thus
∫

R
Hj dµ = 1 for each j ∈ N, and it’s clear from χE denotes the characteristic function of the

set E ⊂ R (= 1 on E, and 0 off E).

its defining picture that there is a sequence (αj) of positive constants
such that w = ∑j αj Hj. Moreover: ∑j αj ≤ γ.(∗) (*) Proof : γPy ≥Wy and

∫
R

Py dm = 1, so

γ ≥
∫

R
w dm = ∑

j
αj

∫
R

Hj dm = ∑
j

α,.
For (x, y) ∈ UHP let Wy(x) = y−1w(x/y), so that

Py(x) ≤Wy(x) ≤ γPy(x) (x ∈ R, y > 0).

Thus for f ∈ L1(R) and x ∈ R:

P
[
| f |
]
(x, y) =

∫
R
| f (x− t)|Py(t) dt

≤
∫

R
| f (x− t)|Wy(t) dt

= ∑
j

αj

∫
R

f (x− t)Hj(t)

= ∑
j

αj
1

µ(Bj)

∫
Bj

| f (x− t)| dt

Now make the substitution s = x− t in the integrals in the last line
above, and write Bj(x) for Bj + x, the interval of the same size as Bj,
but now with center x. The result is

P
[
| f |
]
(x, y) ≤∑

j
αj

1
µ(Bj(x))

∫
Bj(x)
| f (s)| ds︸ ︷︷ ︸

≤M f (x)

.

where M f is the Hardy-Littlewood Maximal Function (defined
by (12) on page 8). Conclusion: For each (x, y) ∈ UHP and each
f ∈ L1(R):

P
[
| f |
]
(x, y) ≤ γ M f (x) .
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Upon taking the supremum of the left-hand side over y > 0 we
obtain:

P# f (x) ≤ γ M f (x) ∀ f ∈ L1(R) and x ∈ R.

Since this is true for each γ > 1 it’s also true for γ = 1. Thus, for each
f ∈ L1(R) and λ > 0:

µ{P# f > λ} ≤ µ{M f > λ} ≤ 3
λ
‖ f ‖1 .

with the final inequality provided by Theorem 3.4, the Hardy-
Littlewood Maximal Theorem. This completes the proof of our
Poisson Maximal Theorem, and with it, the proof of Theorem 6.2.

Lp boundary data, p > 1.

We’ve just employed Banach’s program to solve the Dirichlet problem
of the upper half-plane (UHP) in the following sense (Theorem 6.2):

For each f ∈ L1(R) there exists a harmonic function u on UHP such
that limy→0+ u(x, y) = f (x) for a.e. x ∈ R.

The question arises:

If p > 1, does a similar result hold for f ∈ Lp?

A straightforward application of Hölder’s inequality shows that
for each such f the Poisson integral exists and defines a function
harmonic on UHP, so only the a.e. convergence is at issue.

A similar situation arose in our discussion of the Lebesgue differ-
entiation theorem, proved initially for f ∈ L1, then extended (via
Exercise 3.3) to all f that are locally integrable, (and in particular, for
f ∈ Lp for each p > 1). The key to this generalization was the fact
that the differentiation in question is local: the existence and value of

lim
r→0+

1
µ(Br(x))

∫
Br(x)

f (t) dt

does not change no matter how the function f might be altered
outside a neighborhood x.

The following lemma shows that, with a bit more work, we can
establish the same kind of locality for the Poisson integral.

6.5 Lemma. Suppose 1 < p ≤ ∞ and f ∈ Lp. Then for each x ∈ R:

lim
y→0+

∫
|t−x|>1

f (t)Py(x− t) dt = 0

Once this lemma has been established, we’ll have:

6.6 Theorem. If f ∈ Lp(R) and u = P[ f ] then:

lim
y→0+

u(x, y) = f (x) for a.e. x ∈ R.
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Proof that Lemma =⇒ Theorem. Fix a unit-length interval I of the real
line. For f ∈ Lp let f I coincide with f on I, and set it equal to 0 off
I. Then f I belongs to L1 (Hölder’s inequality), so by Theorem 6.2 we
have, limy→0+ P[ f I ](x, y) = f I(x) for a.e. x ∈ R. In particular, this
limit is f (x) for a.e. x ∈ I. Now fix such an x ∈ I, and note that

P[ f ](x, y) = P[ f I ](x, y) +
∫
|t−x|>1

f (t)Py(x− t) dt

where (as y→ 0+) the first summand on the right converges to f (x),
and the second one to zero. Thus limy→0+ P[ f ](x, y) = f (x) for a.e.
x ∈ I.

The theorem follows upon decomposing the real line into count-
able a disjoint union of unit-length intervals, and applying the result
of the above paragraph to each.

Proof of Lemma. Fix f ∈ Lp. For (x, y) ∈ UHP set

Iy(x) =
∫
|t−x|>1

f (t)Py(x− t) dt

and let q denote the Hölder-conjugate index for p. I.e., q = 1 if p = ∞, else p−1 + q−1 = 1.

|Iy(x)| ≤
∫
|t−x|>1

| f (t)|Py(x− t) dt

≤ ‖ f ‖p

(∫
|x−t|>1

Py(x− t)q dt
)1/q

= ‖ f ‖p

(∫
|t|>1

Py(t)q dt
)1/q

where the second line follows from the first: obviously if p = ∞,
otherwise by Hölder’s inequality, and the third from the second
by the obvious change-of variable (thanks to the even-ness of the
Poisson kernel and the translation-invariance of Lebesgue measure).
Now

2π y q
∫ ∞

t=1
Py(t)q dt =

∫ ∞

t=1

(
y2

y2 + t2

)q

dt

= y
∫ ∞

t=1/y

(
1

1 + t2

)q
dt

≤ y
∫ ∞

t=1/y
t−2q dt

= 1
2q−1 y 2q.

Thus |Iy(x)| = O(y) as y → 0+, which completes the proof of the
Lemma.
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“Nontangential” convergence in the Dirichlet problem

We know from Theorem 6.2 that if f ∈ L1 and u = P[ f ], then for a.e.
x0 ∈ R the Poisson integral u(x, y) of f converges to f (x0) as (x, y)
converges to x0 along the vertical line x = x0. We’ll see now that the
arguments that produced this result can be easily modified to get a
better “nontangential” result.

6.7 Definition. For u : UHP] → R and points x0 ∈ R, to say u(x, y)
converges nontangentially to w0 ∈ R means: For every α > 0 and ε > 0
there exists δ = δ(α, ε) > 0 such that |u(x, y) − w0| < ε whenever
|x− x0| < αy and y < δ.

Geometrically, this means that for each given
α > 0 the value u(x, y) approaches w0
when (x, y) approaches (x0, 0) while staying
within the “nontangential approach region”

Ωα(x0) = {(x, y) ∈ UHP: |x− x0| < αy}.

Figure 3: The approach region Ωα(x0)

6.8 Theorem. If f ∈ L1 then for a.e. x0 ∈ R, the Poisson integral u = P[ f ]
converges nontangentially to f (x0).

Proof. Fix α > 0, x0 ∈ R, and f ∈ L1. For y > 0 define Tα
y : L1 → M by

Tα
y f (x0) = sup

|x−x0|<αy
|u(x, y)− f (x0)|,

i.e, Tα
y f (x0) is the supremum of |P[ f ]− f (x0)| over the intersection of

Ωα(x0) with the vertical line of height y. The conclusion of Theorem
6.8 can now be restated:

(34) lim
y→0+

Tα
y f (x0) = 0 for a.e. x0 ∈ R.

Once again we have assembled the basic ingredients needed for Ba-
nach’s program: The one-parameter family {Ty : y > 0} of semilinear
maps L1 → M for which the desired convergence holds on a dense
subset of L1 (e.g., those integrable functions that are uniformly con-
tinuous on R). Thus we can complete the proof of Theorem 6.8 by
proving an appropriate inequality for the maximal function

T# f = sup
y>0

Ty f (x0 ∈ R, f ∈ L1).

To this end, note that for xo ∈ R and y > 0:

Tα
y f (x0) = sup

|x−x0|<αy

∣∣∣∣∫
R

Py(x− t) f (t) dt− f (x0)

∣∣∣∣
≤
∫

R
sup

|x−x0|<αy
|Py(x− t) f (t) dt− f (x0)| dt,

so upon writing

(35) P(α)
y (x0) := sup

|x−x0|<αy
Py(x)
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we have

(36) Tα
y (x0) ≤

∫
R

P(α)
y (x0 − t)| f (t)− f (x0)| dt

The rest of the proof will proceed exactly as for that of Theorem 6.2,
once we establish

Lemma. For each α > 0 there exists a positive constant Cα such that

(37) P(α)
y (x0) ≤ CαPy(x0) (x0 ∈ R, y > 0).

For once this inequality is established, we’ll know,

Tα
y f (x0) ≤ Cα

∫
R

Py(x0 − t)| f (t)− f (x0)| dt

so that for each x0 ∈ R:

T# f (x0) ≤ CαP#(| f − f (x0)|)(x0)

≤ Cα(M| f − f (x0)|)(x0)

where P# is the Poisson maximal function defined by (33) and M is
the Hardy-Littlewood Maximal operator defined by (12) on page 8.
Thus for each f ∈ L1 and λ > 0

µ{T# f > λ} ≤ µ{M| f − f (x0| > λ/Cα}

≤ µ{M f > λ/(2Cα)}+ µ{| f | > λ/(2Cα)}

≤ 8Cα

λ
‖ f ‖1

Thus the conditions of Banach’s program are satisfied, so (modulo
the proof of the Lemma) Theorem 6.8 is proven .

Proof of the Lemma. We wish to show that

(38) Cα := sup
{P(α)

y (x)
Py(x)

: x ∈ R, y > 0
}
< ∞ .

Recall that for each y > 0:

Py(x) =
1
y

p
( x

y

)
(x ∈ R)

where p(x) =
1
π

1
1 + x2 .

In the same way:

P(α)
y (x) =

1
y

p(α)(
x
y
) (x ∈ R)



a.e convergence 29

where
p(α)(x) = sup{(p(x− t) : |t| < α} (x ∈ R).

Thus an easy calculation shows that our desired inequality (38) can
be rewritten

(39) Cα := sup
{ p(α)(x)

p(x)
: x ∈ R, y > 0

}
< ∞ .

Figure 4: The graphs of p and p(α)

Figure 5 at the right shows that

p(α)(x) =


p(0) = 1

π , (|t| ≤ α)

p(x− α), (0 ≤ t < α)

p(x + α), (−α < t ≤ 0)

Since p(α) and p are both even functions, the supremum in (39) need
only be computed for x ≥ 0.

Now for x > 0:

(40)
p(α)(x)

p(x)
=

1 + x2 (0 ≤ x ≤ α)
x2+1

(x−α)2+1 (x > α)

and since x2+1
(x−α)2+1 → 1 as x → ∞, we see that the left-hand side

of (39) is bounded on the non-negative real axis, so Cα < ∞, which
completes the proof of the Lemma (more precisely, a little Calculus
shows that Cα = 1 + (α/2)(α +

√
4 + α2), see Figure 5).

Figure 5: Cα p(x) ≥ p(x− α) for α = 1 and
x ≥ 0. The dot is at the point of tangency.

Comments and Complements

Higher dimensions. Let U denote the upper half-space of Rd+1, i.e.,

U := {(x, y) ∈ Rd ×R : y > 0}.

The analogue for U of the Poisson kernel for UHP is:

Py(x) =
1

yn−1 ϕ
( x

y

)
where ϕ(x) = cn

1
(1 + |x|2)n/2 ,

for x ∈ Rd, y > 0 and cn chosen to make
∫

Rd ϕ dm = 1. Then a Now m = Lebesgue measure on Rd.

change-of-variable in Rd shows—just as for the n = 1 case—that∫
Rd Py dm = 1 for each y > 0; in fact all the properties P1− P3

for our original Poisson kernel 17 continue to hold for these higher 17 See the proof of Theorem 6.3 for these.

dimensional ones.

We can then form the Poisson integral

P[ f ](x, y) :=
∫

Rd
Py(x− t) f (t) dt ((x, y) ∈ U )
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of any f ∈ L1(Rd), verify that P[ f ] is harmonic on U (now using
an interchange of derivative and integral to verify that it satisfies
Laplace’s equation on U ), and proceed to prove by exactly the
same steps as before that P[ f ] solves the Dirichlet problem for U ,
with a.e. convergence to boundary data f ∈ L1(Rd).

See [2], Chapter 7, pp. 144-151 for the
continuous and “mean” versions of the
problem.

The higher dimensional analogue of the Poisson Maximal The-
orem (Theorem 6.4) and therefore its resulting a.e. convergence
theorems (Theorems 6.2 and 6.8) continue to hold, with essentially
the same proofs—now based on the d-dimensional version of the
Hardy-Littlewood Maximal Theorem.

7 Fourier Series

Our setting for this section shifts to the real interval [−π, π], with µ

denoting Lebesgue measure on that interval, normalized to have total
mass 1, i.e., dµ(x) = dx

2π .
Initially we’ll work in (compex-valued) L2 = L2(µ), which is a

Hilbert space with inner product

〈 f , g〉 :=
∫

f g dµ ( f , g ∈ L2),

and norm
‖ f ‖2 :=

√
〈 f , f 〉 ( f ∈ L2).

For n ∈ Z and x ∈ R, let en(x) = einx. Then the bi-directional
sequence (en : n ∈ Z) is an orthonormal set in L2 which, by the
Weierstrass Approximation Theorem, is complete in that

lim
N→∞

∥∥∥ ∑
|n|≤N

〈 f , en〉en − f
∥∥∥

2
= 0 ( f ∈ L2).

In other words, for each f ∈ L2 the Fourier series

(41) ∑
n∈Z

〈 f , en〉en

converges to f in the norm of L2, in the sense that its sequence (SN)
∞
0

of symmetric partial sums

In fact, the series (41)converges to f in
L2 unconditionally, i.e., no matter how its
individual terms are rearranged.

(42) SN f = ∑
|n|≤N

〈 f , en〉en

converges in L2 to f .
It’s traditional write, f̂ (n) for the n-th coefficient in the series (41):

f̂ (n) := 〈 f , en〉 =
∫

f (x) e−inx dµ(x) =
1

2π

∫ π

−π
f (x) e−inx dx .
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We call f̂ (n) the n-th Fourier coefficient of f . The mapping f → f̂ is
the Fourier transform which, by Parseval’s theorem [REF] is a linear
isometry taking L2 onto the sequence space `2 = `2(Z).

The notion of Fourier transform and Fourier series make sense,
with the same definitions, for functions f ∈ L1 = L1(µ). Unfortu-
nately the relationship between L1 and its image under the Fourier
transform is not as neatly described as in the L2 case. Nevertheless,
it’s easily seen that the Fourier transform maps L1 into the space
`∞ = `∞(Z) of bounded (complex) sequences, and does so contrac-
tively in the sense that that | f̂ (n)| ≤ ‖ f ‖1 for each f ∈ L1. It’s well
known that:

(a) The Fourier transform maps L1 one-to-one into (but not onto) the
subspace c0 of `∞ consisting of sequences that converge to 0 as
|n| → ∞, and

(b) There exist functions in L1 whose Fourier series do not converge
in L1. [REF]

The problem of pointwise convergence of Fourier series dates back
to the foundations of the subject. 19th century work of Dirichlet,
Jordan, and du Bois Reymond showed that if f is continuous and
2π-periodic on the real line, and of bounded variation, then its Fourier
series converges pointwise to f , but that the bounded-variation
hypothesis could not be omitted.18 18 See e.g., Rudin [23], §5.11–5.13, pp.

100-103 for the modern treatment of these
matters.

Motivated by the Lebesgue theory of measure and integration,
Nikolai Lusin asked in 1920 if, nevertheless, each such continuous
function was the sum of its Fourier series at almost every point of the
real line. Andrei Kolmogorov showed in 1923 (at age 20) that there
exist functions f ∈ L1 whose Fourier series diverge at almost every
point of R,19 Nevertheless, Lusin’s question remained unanswered 19 Fundamenta Math. 4, pp. 324–328. A few

years later Lusin produced an L1-function
whose Fourier series diverged at every point
of R.

until 1966, when the Swedish mathematician Lennart Carleson
proved:

Carleson’s Theorem.20 If f ∈ L2, then f (x) = ∑n∈Z f̂ (n)einx for 20 Acta Math. 116 (1966) 135–157.

almost-every x ∈ [−π, π].

Carleson’s proof proceeded (thanks to Theorem 1.3 and the density
of the trigonometric polynomials) by establishing Banach’s maximal
condition (2) in the form

sup
f∈L2

µ{T# f > λ‖ f ‖2} = O
(

1
λ2

)
(λ→ ∞),

where T# is the “Fourier Maximal Operator” 21 defined for f ∈ L2 21 Also known as the “Carleson operator”

and |x| ≤ π by:

(T# f )(x) := sup
N
|SN f (x)| = sup

N

∣∣∣ ∑
|n|≤N

f̂ (n)einx
∣∣∣ .
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Carleson’s argument is challenging; subsequent authors have made
the result more accessible (see, e.g., Lacey [19]), but it’s still not for
the faint-of-heart.

The fraught nature of the a.e. convergence problem for Fourier
series lies in the integral representation of its symmetric partial sums:

(43) SN f (x) =
∫

f (x− t) DN(t) dµ(t) ( f ∈ L1) ,

where DN is the Dirichlet kernel

Figure 6: The Dirichlet Kernel D4

DN(t) = ∑
|n|≤N

eint =
sin(N + 1

2 )t
sin( t

2 )
(t ∈ R).

In order for the representation (43) to make sense, we’ll need to
assume (now, and forever after) that each measurable function on
[−π, pi] has been 2π-periodically to the entire real line.
It turns out that limN→∞ ‖DN‖1 = ∞, from which one can prove
that both the operator SN on L1, and the linear functional ϕx,N : f →
SN f (x) on the continuous, 2π-periodic functions, have norms tend-
ing to ∞ as N → ∞. In particular, the uniform boundedness principle
insures that that there exists f ∈ L1 whose Fourier series does not
converge in L1, and that there exist continuous periodic functions
f whose Fourier series do not converge pointwise. [REFERENCES
PLEASE!]

The situation for all modes of Fourier-series convergence improves
considerably if, instead of focusing on the partial-sum sequence
(SN)

∞
0 , we instead focus on its sequence (σN)

∞
0 of arithmetic means:

(44) σN f =
1

N + 1

N

∑
n=0

SN f ( f ∈ L1) ,

for which the integral representation is, for each f ∈ L1:

(45) σN f (x) =
∫

KN(t) f (x− t) dµ(t) ( f ∈ L1) .

Here KN , called the Fejér kernel, is the N-th arithmetic mean of the
Dirichlet-kernel sequence. The kindly nature of the sequence (σN)

stems from its closed-form representation:

Figure 7: The Fejér kernel K4

(46) KN(t) :=
1

N + 1

(
sin 2N+1

2 t
sin t

2

)2

Thanks to this formula we see that the Fejer kernel has three crucial
properties similar to those previously established here for the Pois-
son kernel (Properties P1–P3 on page 22) in the course of proving
Proposition 6.3.
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7.1 Lemma (Properties of the Fejer kernel). for N = 0, 1, 2, . . . and
x ∈ R:

(a) KN(x) ≥ 0.

(b)
∫

KN(x) dµ(x) = 1 for N = 0, 1, 2, . . . .

(c) lim
N→∞

max
δ≤|x|≤π

KN(x) = 0 whenever 0 < δ < π.

Proof. Property (a) is obvious from (46), while (b) follows immedi-
ately from the fact that

∫
DN(t) dµ(t) = SN1(0) = 1 for every N.

As for (c), we have from (46):

max
δ≤|x|<π

KN(x) ≤ 1
N + 1

· 1
sin2(δ/2)

→ 0 as N → ∞.

Lemma 7.1 allows the argument we used in our initial solution of the
Dirichlet Problem (Theorem 6.3, page 22) to work almost word-for-
word in the present setting, resulting in:

7.2 Corollary. If f is 2π-periodic and continuous on R, then σN f → f
uniformly on R.

i.e., lim
N→∞

max
|x|≤π

∣∣(σN f )(x)− f (x)
∣∣ = 0.

By a trigonometric polynomial we mean a linear combination of expo-
nentials en, i.e., a finite sum

p(x) =
N

∑
n=1

aneinx (N ∈N, x ∈ R).

7.3 Corollary (A Weierstrass Approximation Theorem). The trigonomet-
ric polynomials form a dense subspace of L1.

Proof. We know from Real Analysis that the continuous functions
with compact support in the open interval (−π, π) are dense in L1 =

L1([−π, π]). Thus, if f ∈ L1 and n ∈ N, there exists a continuous
function g with support in the open interval (−π, π))

‖ f − g‖1 =
1

2π

∫ π

−π
| f (x)− g(x)| dx <

1
2n

Corollary 7.2 now provides a trigonometric polynomial pn with
|gn − pn| < 1

2n at each point of [−π, π]. Thus

‖ f − pn‖1 ≤ ‖ f − gn‖1 + ‖gn − pn‖1 <
1

2n
+

1
2n

=
1
n.

Thus ‖ f − pn‖ → 0 as n→ ∞.

7.4 Corollary. For each f ∈ L1:

lim
N→∞

‖σN f − f ‖1 = 0.

Proof. GIVE THE THREE-EPSILON PROOF
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The “Fejér Maximal Function

In the last section we used the “wedding cake construction,” to
showed how the Hardy-Littlewood maximal function dominates the
Poisson maximal function. In fact, the argument works word-for-
word if the Poisson kernel is replaced by for any “kernel” Jy : R →
(0, ∞) for y > 0, where Jy is non-negative, even, decreasing for x > 0,
and integrable with C := supy>0 ‖Jy‖1 < ∞. If we define the operator
Ty on L1 by

Ty f (x) :=
∫

R
f (t)Jy(x− t) dt

then for each f ∈ L1, the wedding-cake construction yields:

T# f (x) ≤ C M f (x) (x ∈ R),

where M is the Hardy-Littlewood Maximal Function.

Figure 8: The Fejér kernel Kn and its
majorant Jn

In particular, (now returning to the setting of normalized Lebesgue
measure on [−π, π]), note that the “central peak” of the graph of Kn

sits on the interval |t| ≤ 2π
2N+1 , on which K(t) ≤ K(0) = (2N+1)2

N+1 .
Define, for each N ∈ N, the continuous function JN to have value
KN(0) on the support of that central peak, and to be an appropriate
constant multiple 1/t2 on the rest of the interval [−π, π]. More
precisely:

(47) JN(t) =


(2N+1)2

N+1 if |t| ≤ 2π
2N+1 ,

4π2

N+1 ·
1
t2 if 2π

2N+2 < |t| ≤ π .

7.5 Lemma. For each N ∈N:

(a) JN ≥ KN at each point of [−π, π].

(b) ‖JN‖1 =
∫ π

−π
Jn(t) dt =

8N
N + 1

< 8.

Proof. Part (b) is a straightforward integration. For part (a), note that,
by definition, the desired inequality is true for |t| ≤ 2π

2N+1 (and is
equality for t = 0). For the remaining values of t we have

Since sin(t/2) ≥ t/π on [0, π].

KN(t)
JN(t)

=
t2

4π2 ·
(

sin((2N + 1) t
2 )

sin( t
2 )

)2

≤ 1
4π2 ·

t2

sin2( t
2 )

≤ 1
4π2 ·

t2

(t/π)2 .

In summary: KN is ≤ JN on the support of the central peak of of KN’s
graph, and is ≤ JN/4 on the rest of the interval [−π, π].



a.e convergence 35

Thanks to the “Wedding Cake construction” we know from part
(b) of Lemma 7.5 that for each f ∈ L1, N ∈N, and |x| ≤ π:∫

JN(t)| f (x− t)| dµ(t) ≤ 8M f (x) (|x| ≤ π),

so by part (a) of that Lemma:

(48)
∫

KN(t)| f (x− t)| dµ(t) ≤ 8M f (x) .

7.6 Theorem (The “Fejer Maximal Theorem”). For f ∈ L1, define the
“Fejer Maximal Function” σ# f by:

σ# f (x) =
∣∣∣∑

N
σN f (x)

∣∣∣ (|x| ≤ pi)

Then σ# f ≤ 8M f on [−π, π].

7.7 Corollary. lim
N→∞

σN f = f a.e. for each f ∈ L1.
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