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These notes introduce the notion of Fourier series for Lebesgue-
integrable functions on the interval [—7t, 77]. The goal is to prove
Fejér’s Theorem: The arithmetic means of the symmetric partial sums of the
Fourier series of such a function converges to the function in the L'-norm. In
a subsequent revision we’ll show that these arithmetic means converge
to the function almost everywhere. This stands in sharp contrast to
Kolmogorov’s 1923 result [4]: There exist functions in L'([—m, 7t]), the
symmetric partial sums of whose Fourier series diverge a.e.

o Complex Exponentials

Recall the complex exponential
e'¥ := cos x +isinx (x € R).

Thanks to the Pythagorean Theorem, |ei" | = 1 for each real x, and
thanks to the addition laws for sine and cosine:

V) — el (x,y € R).

In particular:
e¥e M =1 (x € R),

and
(e™)" =™ (xeR, ne ).

One also checks easily that for n € Z:

(1) i/nei”"dx: Lifn =0
27 Jn 0if n # 0.

1 Trigonometric Series

A trigonometric series is a “formal” sum expressed as either an “infi-

nite linear combination” of complex exponentials:

(2) Z Cn einx

nez

with complex coefficients c;, or an infinite linear combination of sines

and cosines:

(3) ag + Z (a, cosnx + by, sinnx)

n=1

R denotes the real line, Z the integers.

The integral of a complex-valued
function is the integral of its real part
plus i times that of its imaginary part.

Here “formal” means we make about
the convergence—if there is any—of the
infinite series.



with real coefficients a, and b,,. It's an easy exercise to check that the
“real part” (resp. “imaginary part”) of the series (2) has the form (3).

A trigonometric polynomial is a finite linear combination of com-
plex exponentials (complex case), or of sines and cosines (real case).
To say the trigonometric series (2) converges (at x € R, pointwise
on R, uniformly ...) means that its sequence of symmetric partial
sums (Ljn<n cne™*)% (each of which is a trigonometric polynomial)
converges.

Trigonometric series arose in the eighteenth and nineteenth
centuries in the course of solving problems of wave motion and
heat flow. For this it was important to determine, for a function f
represented—in some appropriate sense—by a trigonometric series, a
formula for the coefficients of its trigonometric series expansion.

In this regard, suppose f is a trigonometric polynomial:

fx)="Y cpe™.

In|<N

Then for k € Z:

L /” f(x)e*ik" dx = 1 /n 2 cne™ | emin¥ gy
27 —7T 27 —7T K[<N

1 7
=) o (/ e’”xe’”xdx>
KN N2

T,
=) (2171/ elk—n)x dx)
—T7T

k[<N

=0if k#n,=1if k=n

Thus (now swapping the roles of indices k and n):

Cp = % /j;f(x)e*i”x dx (neZ).

The argument works as well for functions f represented by
trigonometric series (2) with ¥,z |cn| < co. Indeed: since |e*| = 1
for each index n and each real x, such a series converges uniformly
on the real line by the Weierstrass M-test." Consequently its sum
is continuous on R, and the interchange of sum and integral that
established the previous result still works. In summary:

Proposition 1.1. If (¢,: n € Z) is an absolutely summable sequence of
complex numbers, then the equation

f(x) — 2 Cneinx

nez

defines a uniformly continuous function on the real line, and

1 g :
(4) Cn = 5~ /_nf(x)e_”” dx (nez).
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The freely downloadable lecture slides
[1] give a beautiful panoramic history of
Fourier analysis, both in its early and its
more modern stages.

*See, e.g., [5], Theorem 7.10, page 148.



2 Fourier Series

The largest class of functions to which to which we might be able

to extend some version of Proposition 1.1is L! = L!([-7, 7]),
which—for this lecture—is the space of all (a.e. equivalence classes
of) complex-valued, Lebesgue measurable, 27t-periodic functions on
the real line, endowed with the norm

1 fll1:= %/_7; |f(x)|dx < oo

(which makes L! into a Banach space). At the very least, Proposition
1.1 suggests a natural trigonometric series to associate with f, namely
the formal series:

(5) Y f(n)e™

nez

where
. 1 4
©) F(n) = — / F(x)e ™ dx  (neN).
21 J-n
Some terminology. For f € L!:
e The coefficient f(n) is the n-th Fourier coefficient of f.
o the series (5) is the Fourier series of f.

e The (doubly infinite) sequence f = (f(n)),ez is the Fourier
transform of f.

The map .Z: f — f, is the Fourier transform; it’s a linear transfor-
mation taking L' into the vector space of (two-sided) complex se-
quences.

Some questions ... suggested by what we’ve done so far.

(Q1) Does the Fourier series of f € L! converge “in some natural
way” to f?

(Q2) Is the Fourier transform one-to-one? What is its range?

It’s easy to see that the Fourier transform of each L!-function is a
bounded sequence. In fact,

o= | [ seoe s

Thus, .# actually maps L! into the space ¢*°(Z) of bounded two-sided

<o [T if mem—Mh

complex sequences, and the inequality just proves that

) 17 (Nl < Ifl (feL,
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Proving this “crashing absolute values
through the integral” inequality, while
routine for real-valued integrands, is a
little bit tricky in the complex case; see,

e.g., [5], page 325.



LECTURE III 4

where || - ||« is the supremum norm on ¢*(Z). In the language of
normed linear spaces: The Fourier transform maps L' contractively into
1°(Z2).

This suggests rephrasing the latter part of question Q2 above as:

(Q3) Does .# map L! onto (°(Z)? If not, what is .# (L1)?

In fact, # (L!) does not exhaust all of £*°(Z). According to the
Riemann-Lebesgue Lemma (Corollary 8.3 of §8 below), f € co(Z)
(those two-sided sequences (a,) with limit zero as n — c0). Thus
F(LY) # £°(Z). 1s F(L') = co(Z)? No again! For this see, e.g., [6],
Thm. 5.15, page 104.

As for the first part of (Q2) the answer is “Yes, .% is one-to-one.”
However the argument, which we’ll give in §7, is not trivial—it
depends on finding a positive answer to (Q1).

3 Convergence for Fourier Series?

For f € L! it’s traditional to write

fr ) flm)e™
nez
where the symbol “~” expresses the fact that we haven't yet de-
scribed just how the function is represented by its Fourier series.

Some history. We’ve already seen (Proposition 1.1) that “~” can be
replaced by “="if f is a trigonometric polynomial, or more generally
if f is an absolutely summable (doubly infinite) sequence. Work of
Dirichlet in the early 1800’s, completed by Jordan about fifty years
later, showed that if f is continuous and 27r-periodic on the real line,
and of bounded variation on [—7t, 77|, then the Fourier series of f con-
verges to f at each point of R. However, soon afterward, the Pierre
du Bois Reymond showed that one could not omit the additional hy-

pothesis of bounded variation.? Motivated by the Lebesgue theory of 2See e.g., Rudin [6], §5.11-5.13, pp.
100-103 for the modern treatment of this

measure and integration, in 1920 the Russian mathematician Nikolai remtasonho.”
catastrophe.

Lusin asked if, nevertheless, such a continuous function must be the
sum of its Fourier series at almost every point of the real line.
Regarding Lusin’s question, another Russian, Andrei Kolmogorov
(born April 1903) showed in 1923 (!) that there exist functions f €
L! whose Fourier series diverge at almost every point of R,3 and a 3 Fundamenta Math. 4, pp. 324-328.
few years later he produced an L!-function whose Fourier series
diverged at every point of R. Nevertheless, Lusin’s question remained
unanswered until 1966, when the Swedish mathematician Lennart
Carleson proved something a lot stronger:

Carleson’s Theorem.* If f € L2, then f(x) = ¥cz f(1)e™ for almost- 4 Acta Math. 116 (1966) 135-157.
every x € [—, 7.



4 The partial sums

In this section we'll fix f € L!, N a non-negative integer, and x a real
number. We seek a closed-form expression for the N-th (symmetric)
partial sum of the Fourier series of f:

(8) snf(x) = Y. f(n)e™™.

[n|<N

There’s only one course of action: substitute the definition (6) for f(1)
into the (8) and see what happens.

(snf)(x) = ). (Zln /jrf(t)efint dx) pinx

n|<N

T . ,
— % / f(t) 2 efmtemx dt
-7

In|<N
1 7 4
=— [ f@® enx=1) | g

27 Ln \HEN

Thus
1 7T
©) (snf)(x) = 5= /_ Dy(x— (),
where
(10) Dn(x) = Y ™.
[n|<N

Dy is called the N-th Dirichlet kernel.

Consequently the problem of finding a closed-form expression
for sy f(x) reduces to that of finding such an expression for Dy. The
trick is to use note that ¢”* = (¢™*)" and use the addition formula for
the complex exponential to reduce the problem to summation of a
geometric-series partial sum. More precisely:

N 2N N 1— (eix)ZN-‘rl
— L, INX Ix\n _ ,—1NX
Dy(x) =e Y (eM) = —

n=0

N ei2N2+1x eii2N2+lx . ei2N2+1x
— o iNx | .
elx/2 e—ix/2 _ pix/2
=1 __sin[(2N+1)x/2]
— sin(x/2)

Summarizing;:

LECTURE III
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Proposition 4.1. For f € L', x € R, and N a non-negative integer:

(1) (sxN@) = 5= [ Dutx=0f (0 dt,

where
sin (2N +1)%)

M)

5 Convolution integrals

The integral that shows up in the representation (11) of Fourier-series
partial sums is a special convolution integral. More generally, if f and
g belong to L! then their convolution is defined by:

(12) (fxg)(x 27_[/ f(x—1t)g(t)dt (x € R).

While the integral on the right-hand side of (12) is clearly defined

if, for example, one of the functions involved is bounded (as is the
case in eqn. (11) above), it’s not clear that this is generally true. Fortu-
nately it is. To see why, let’s first suppose that our L!-functions f and
g take only non-negative values. Then the right-hand side of (12) is
defined, although its value may be +cc. In any case, we can integrate
it and use Fubini’s Theorem to interchange the order of integration.5

For brevity we’ll use the notation “ [ to signify “ [" T

/(f x)dx = /f(x —1)g(t) dt) dx

/(
( / Flx—t)g(D) dx> dt
—/(/fxt ) slo)
= / (/s d) g(t)dt

Thus, if f and g are non-negative functions belonging to L', then f * ¢

belongs to L' with ||f * ¢|l1 = ||f|l1 - |g]l1- In particular, the integral
defining (f * g)(x) is finite for a.e. x € R.

If f and g are arbitrary L!-functions, the argument above shows
that the convolution of their respective absolute-value functions is
finite a.e., i.e., that the function t — f(x — t)g(t) belongs to L! for a.e.
x € R. Thus it makes sense to form the convolution integral (f * g)(x)
for a.e. x. Moreover, for such x:

() =| [ £ =0 t) < [17e=0)]-lg(0lde = (1) ).
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The Dirichlet kernel Dy

5 Strictly speaking: we should check
that the integrand satisfies the measur-
ability hypotheses of Fubini’s theorem.
Rule of Thumb: The “Fubini-theorem
hypotheses are always satisfied.”

The equality [ f(x —t)dx = [ f(x)dx
used in the last line is a consequence of
the 27r-periodicity of f; see Proposition
6.1 below.
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Thus we've established, modulo proving that [ f(x —t)dx = [ f(x)dx
in the calculation above:

Proposition 5.1. If f and g belong to L then so does f g, and
£ gl < A fll - Nl -

6 Translation-invariance of integrals

Here we'll tie up that loose end from the proof of Proposition 5.1 by
proving:

Proposition 6.1. If f € L' then (" _f(x —t)dx = [”_f(x)dx for every
teR.

For the proof, note that since each f € L! is 27r-periodic on R, the same
is true, for each t € IR, of f;, its of its “translate by ¢,” defined as:

(13) filx) = fx—1)  (xeR).
By a simple change of variable,
T T—t
| se=nax=[ " fway,

so our problem reduces to one of showing that each f € L! has the
same integral over any interval of length 277. More generally:

Lemma 6.2. Suppose f is a real or complex-valued function that is Lebesgue
measurable on R and periodic with period T > 0. Then [, f(x)dx =
/ 1 f(x) dx for any real intervals I and | of length T.

Proof. By a simple change of variable it’s enough to do this for T = 1.
We may take I = [0,1]. Write ] = [a,a + 1] for some a € R. Then
a = b+ n for some integer n and some b € [0,1). Then

/Hlf(x)dx—/bw“f(x)dx— be( ) dy = be( d
g = = Yy y= y)ay

+n
were the last line follows from “1-periodicity” of f. If b = 0 we're
done. Otherwise write

b+1 1 b+1
\ f(y)dy=/b +/1 fy)dy
1 b
:/h f(y)dy+/0 f(z—=1)dz
1 b
= [ fway+ [ f(z)a

where we’ve applied the change of variable z = y + 1 to the second
integral in the second line, and used the periodicity of f in the last
line. Putting it all together:

Hlf(x)dx: 1f(x)t7lx+ bf(x)dx: 1f(x)dx.
a b 0 0

7
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which proves the Lemma, and with it, the Proposition. O

Corollary 6.3. If f and g belong to L', then for a.e. x € R:

T 7T
| fa—tgar= [ gx—nria
It's an easy matter to check that L!, with “convolution multipli-
cation” is a ring. Corollary 6.3 shows that this ring is commutative:

f* g = gx f for all pairs of functions f, g € L'.

7 Arithmetic means

Given a sequence (s,);’ of complex numbers we can form the accom-
panying sequence (o)’ of arithmetic means:

1 N

- N=0,12,...).
ON N—i—lrgsn ( )

Abel’s Theorem. If the original sequence (s,) converges to a complex
number s, then so does its sequence of arithmetic means.

It may happen that the sequence of arithmetic means converges even
if the original sequence does not. For example, let s, = (=1)". Then
oy = 0if Nisodd, and = ﬁ otherwise. Thus oy — 0. This
example suggests that arithmetic means tend to make oscillatory
sequences more likely to converge. We’ll now see that this is precisely
what happens in the case of Fourier-series partial sums.

Definition 7.1. For f € L!, x € R, and N a non-negative integer, let

1 N
(14) (onf)(x) = N+l Z;O(Snf)(x)-

Thus oy f is the N-th arithmetic mean of the sequence (syf)§ of
(symmetric) partial sums of the Fourier series of f. It is called the
N-th Fejér mean of f. The goal of this section is to prove that if f € L!,
then its sequence of Fejér means converges to f in the norm of L'.
More precisely:

Theorem 7.2 (Fejér’s Theorem). limy_, ||[onf — f|l1 = 0 for each cf. Math. Ann. 58 (1904), pp- 51-
f c Ll. 69, where Fejér proved that if f is
continuous and 27-periodic on R then

The proof requires some preliminaries, the first of which is a onf = f uniformly on R.

closed-form expression for Fejér means.



Proposition 7.3. If f € L', x € R,and N =0,1,2, ..., then

1 /7
(15) @) = o [ FOKNG =D,
J =TT
where Ky is the Fejer kernel, defined by

1 (sin((2N+1)’2‘)>2

(16) Kn(x) = N+1 sin ()

Proof. By linearity of integral, Eqn. (15) holds with Ky the N-th
arithmetic mean of the sequence of Dirichlet kernels:

1 Y 1 Yosin((2n+1)3%)

Kn(x) = 57 2 Dn(x) = .
N+1 /= N—i-InX::O sin(%)
Thus
(17) (N+1)sm Zlme (r+3 ¥ =1Im Ze nt3
Now
N a N _ Li(N+1)x
3 el _ 3 Z iy e
= = 1 — eix
N+1 N+1 -N+1
o 2 r i B e I
- ei% e_i% — ei%
_ ei¥x ' sin %x
sin 5

Substitution of this last result into (17) yields:

N+1
sin 5

(N+1)sm(2)KN( x) = (sm Nyt ) sin §

from which follows the promised formula for Ky (x).

Lemma 7.4. The Fejér kernel sequence has the following properties:
(@) Kn(x) >0for N=0,1,2, ... and x € R.
®) 7/ Kn(x)dx =1for N =0,1,2,

(©) lim max Ky(x) =0 whenever 0 < 6 < 1.
N—oo §<|x|<7

Proof. Property (a) is obvious from (16), while (b) follows immedi-
ately from the fact that ;= [” Dy/(x)dx = 1 for every N (as you can
see by integrating the definition (10) of Dy, and using equation (1).

As for (c), we have from (16):

max Ky(x) < !

. —0as N — oo.
s<ivien NV T N A1 sin2(6/2)

LECTURE III
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The Fejér kernel Ky



Next, recall the notation f; for the translate of the function f by
t € R, as defined by Eqn. (13).

Lemma 7.5. lim | fi — fll1 = 0 for each f € L.
—

Proof. The result is easy if f is 27t-periodic and continuous (hence
uniformly continuous) on the real line. From measure theory we
know that in the space L! such functions form a dense subset.®
Thus, given ¢ > 0 we can choose ¢ € L! continuous, such that

Ilf —gll1 < €/3, and since the theorem is true for continuous functions,
we can choose 0 < § < 7 so that

t <o = llg—gilh <e/3.

Consequence: whenever |t| < § we have

If=filli < If —glli+ Mg —gelli + llge — felll <e,
\W—/ \W—/ N—

~——

<e/3 <e/3 =llg—flli<e/3

where the identification of the last summand’s norm comes from
Proposition 6.1 and the fact that f; — gt = (f — ). 0O

Proof of Theorem 7.2. Fix f € L' and (for the moment) a non-
negative integer N. Without loss of generality we can assume that
Ilfll1 = 1. By Corollary 6.3 we may interchange the roles of f and
Ky in our convolution representation of the arithmetic means of the
Fourier series of f, thus obtaining

(o)) = 5= [ fla—DKn(dt (xeR)

By Lemma 7.4(a):

(o))~ F0) = o [ [flr—0) = F]Kn(Ddt (x € R).

—7T

Upon taking absolute values and using the non-negativity of the
Fejér kernel, we obtain

(@)@ =) < 5= [ [flr=0 - f@lKn@d (xeR)

— 27 —7T

Integrate both sides of the above inequality on x, and use Fubini’s
Theorem to obtain

1 7T
(18) lonf = fllv < 5— [ llfe = flhKn () dt.
T J—m
Let € > 0 be given, and use Lemma 7.5 to choose J € (0, 7r) so that

(19) [t <6 = [lfi=flL<e/2.

LECTURE III 10

®See, [5, Theorem 11.28, pp. 326—7],
where this is proved for the space L?.
The argument for L1 is the same.

This is a classic “¢/3-argument,”
wherein one first proves the result for

a dense subset, then uses some kind of
uniform estimate to transfer this partial
result to the whole space.
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Now break the right-hand side of (18) into two pieces: I; where the
integral extends over the interval [—4, 4], and J5 where it extends over
over {t: § < |t| < 7r}. We have

e 1 (7 €
Iy < - — Ky(t)dt = =
) 2n/_n n() 2’
~—_——
=1by Lemma 7.4(b)
and

Jo=5m [ lfi= flKn(e)de

0= 50 s<lti<n t 1 KN

<o U+ 1A K@

We know from the change-of-variable formula and the 27r-periodicity
of f that || f¢||; = ||f|l1, so the term in parentheses under the integral
in the last line is just the constant 2| f||;. Thus

1 1

<92 .,/ Kyn()dt < — max Ky(t
Jo=2|fll5- s<lti<n n(Ddi < o max Kn()
=1

Use Lemma 7.4(c) to choose N; so that

7T S
N>N, = max Ky({) < e = ;< =.
s<|t|<m 2 2

Thus N > N, implies

e ¢
lonf—flh < Li+]Js < §+§ =g,

which completes the proof of Fejér’s Theorem. O

8 Consequences of Fejér’s Theorem

Corollary 8.1 (The Uniqueness Theorem for Fourier transforms). If f
and g belong to L' and f = §, then f = g a.e. on R,

Proof. Since f/—\g = f — ¢ it’s enough replace f by f — g and g by
the zero-function, i.e., we may without loss of generality assume that
f € L' with f =0, and prove that f =0 a.e..

So suppose that f(11) = 0 for each n € Z. This implies for each
non-negative integer N that the Fourier series partial sum sy f is the
zero-function on IR, hence the same is true for the Fejér means oy f.
By Theorem 7.2 this latter sequence (of zero-functions) converges in
L' to f, hence f =0 a.e. on R. O

The Uniqueness Theorem asserts that the Fourier transform 7 : f —
f, which we observed takes L! linearly into *°(Z) is one-to-one, thus
answering the first part of Question Q2 posed on page 3.
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Another consequence of Fejér’s Theorem: Every L'-function is
the limit, in the norm of L', of a sequence of trigonometric polynomials—
namely, the arithmetic means of the symmetric partial sums of its
Fourier series. Qualitatively:

Corollary 8.2. The trigonometric polynomials form a dense subspace of L.

We’ve shown earlier that the Fourier transform takes L! into the
space (*(Z) (those two-sided complex sequences that are bounded),
and commented that it actually maps L! into ¢y (those two-sided
bounded complex sequences that converge to zero as |n| — o).
Thanks to Fejer’s Theorem, we can now prove this.

Corollary 8.3 (The Riemann-Lebesgue Lemma). | lim f(n) =0 for

n|—oo0

each f € L.

Proof. Fix f € L!. The result clearly holds if f is a trigonometric
polynomial, in which case (1) = 0 for all sufficiently large |n|. Let
£ > 0 be given. By Corollary 8.2 there is a trigonometric polynomial
p with || f — p||1 < e. We may therefore choose a positive integer N so
that p(n) = 0 for |n| > N. Thus |n| > N implies:

Fm)] = 1fm) = p(m)| = |(F = p)(m)| < [If = plls <&

where the second equality results from the linearity of the Fourier
transform, and the “contractivity” (7) of the Fourier transform.

Conclusion: f(n) — 0 as |n| — oo, as we wished to show. O

9 Remarks on the proof of Fejér’s Theorem

9.1 Convergence and continuity

“e

In the proof of Theorem 7.2, the “5-argument” that followed inequal-
ity (18) used only that the function F defined by

Fit)=fi—fln  (teR)

is continuous at the origin, and vanishes there. Thus it proves the
following corollary (of the proof of Theorem 7.2):

Corollary 9.1. If f € L' is continuous at a point xg € R, then
(onf)(x0) = f(x0) as N — oo.

Proof. Apply the argument following (18) with || f; — f||; replaced by
|f(t = x0) = f(x0)]. B

If, in addition, we assume that f is continuous at each point of
R (hence, by 27t-periodicity, uniformly continuous there), the same

12
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argument yields Fejér’s original result: o f — f uniformly on R.
In the same way that our L! Fejér theorem yields Corollary 8.2, this
“continuous” version yields a famous result due to Weierstrass:

Corollary 9.2 (The Weierstrass (trigonometric) Approximation The-
orem). If f is continuous and 2m-periodic on the real line, then there is a
sequence (p,)§ of trigonometric polynomials that converges uniformly on
the line to f.

9.2 Approximate identities

The proof of Fejér’s Theorem works for any sequence of functions
(f * kn)g, where f € L' and (ky)g is a sequence of L! functions
satisfying the properties (a), (b), and (c) listed for the Fejér-kernel
sequence in the statement of Lemma 7.4. More precisely we have:

Theorem 9.3. Suppose (ky)§ is a sequence of functions in L! satisfying
conditions (a), (b), and (c) of Lemma 7.4. Then limy_,e |[kn * f — f][1 — 0
for every f € L.

For this reason, such a sequence (ky) is called an approximate iden-
tity for L!. It's an interesting exercise to show that, with convolution
as multiplication, L! is a commutative ring that has no identity function,
i.e., no function e such that f x e = f for each f € L.

In the proof of Theorem 7.2 we did not need the full strength of
property (c) of the Fejér-kernel sequence. It would have been enough
to require :

(') lim Kn(t)dt =0 for each é € (0, ).

N—oo Jo<t<rm
Consequently, for Theorem 9.3 one can extend the definition of
“approximate identity” sequence (ky )’ require only conditions (a)
and (b) of Lemma 7.4, and (c¢’) above. f\
\

9.3 What’s wrong with the Dirichlet kernel? 1)

To get a feeling for why the partial sum sequence of a Fourier series [
behaves so much worse than the Fejér-kernel sequence, one need N
only look at the graph of the absolute values of the functions in the M/ | \\/
Dirichlet-kernel sequence (see the figure at the right for the graph of D

|Dy4|). In general the graph of |Dy| contains of a large central “hump” The ‘absolute” Dirichlet kernel Dy
and (N — 1) smaller ones, on each side of the origin, the k-th of which
(call it Hy) on the positive side has base of length by = /(2N +1)
and height
n ((Zk + 1)n> -1
2N +1

hy = 0<6<m/2.

- (2k+1)m°

\AAN

13

2N +1 Here we use the inequality sinf < 6 for



Since Hy is a convex curve, the region it bounds contains the
isosceles triangle Ay that shares its base with Hy and has height .
Thus the area of Hy is > the area, sbihy > ¢/ (2k + 1), of A, hence

N-1 N-1
[Dnlli>2 ) Areaof Ay > )
k=1 k=1

2kl+ I > const. log N,
where “const.” is a positive constant that does not depend on N.
Conclusion: |Dy|j; — o0 as N — oo.

The contrast between this L!-unboundedness for the Dirichlet-
kernel sequence and the corresponding boundedness of the Fejér-
kernel sequence (property (b) in the statement of Lemma 7.4) turns
out to be the root of all difficulties associated with the partial-sum
sequences of Fourier series.
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LECTURE IITI 14

In fact, the argument here shows that,
in sharp contrast with property (c)
above in the “improved” definition of

“approximate identity,”

li Dn(x)|dx =
NI, Jr o PN = 00

for each 4 € (0, ).


http://www.cs.tut.fi/~jta/computing-history-material/fourierhistory.pdf
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