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ABSTRACT. Sometime during the mid-1920’s the famous Hungarian
mathematician Marcel Riesz conceived a beautiful collection of theo-
rems. He could prove them all if he could only prove a very special Anecdote paraphrased from [2], pp.
and innocent-looking case of one of them: 193-194.
Given a complex polynomial F(z) = u(z) + iv(z) with F(0) = 0, is

there a positive constant C such that If 0(0) were left unconstrained then

27 ) 27 ) (R4) could not hold (example F = an
(Rg) / U(ele)4d 0<C / M(319)4d 07 arbitrary complex constant). We're also
0 70 requiring that #(0) = 0. This just a
convenience that simplifies arguments;

While an setting an exam question involving integrals like [ |F|*, Riesz o
it isn’t necessary.

wondered what would happen if he removed the absolute values from
the integrand. And voila; there was his proof, staring him in the face!

What was this proof? Why was Riesz interested? We will investigate.

1 Riesz's proof of (Ry)

For A FUNCTION f integrable over the interval [0, 277] we'll write

(1) '/f: %/{;mf(eie)de.

which we’ll interpret as the integral of f either: “over [—7t, 7] with
respect to normalized Lebesgue measure,” or “over the unit circle T
with respect to normalized arclength measure.” Note in particular

that if
(2) en(8) := e’ (meZ, 8 €R),
then
0ifn#0
® for= 1ifn =0.
Given a general complex polynomial F(z) = Y/ _,cuz", we'll Henceforth we'll use the algebraist’s

let u(z) denote its real part and v(z) its imaginary part. Thus F = notation F € C[z] for such polynomials.

u + iv with u and v being real-valued harmonic functions linked by
the Cauchy-Riemann equations. From the work above on complex
exponentials, we see that

@) [F=a=F0).



PROOF OF (Ry). Since F is a polynomial with F(0) = 0, the same is
true of F4, hence by (4):

/F4:0.

Consequently
0 =Re /F4:/Re(u+iv)4:/(u4—6uzvz+v4),

so that

Equation (5) tells us that if # were = 0 then so would be v, in which
case (R4) would follow trivially. Thus we may assume that u is not
the zero-polynomial, and consequently that [ u* > 0.

On the right-hand side of (5) let’s erase the minus sign on the first
integral, and apply the Cauchy-Schwartz inequality to the second
one. There results:

©) /v4§/u4+6</u4>1/2(/v4>1/2.

To finish the proof, let X be the quotient of [ v* by [ u* (the latter
integral, as we’ve already observed, being > 0). i.e., let

/04:X/u4.

Upon substituting this expression into inequality (6), and cancelling
the positive quantity [ u* from both sides, we obtain

X<1+6Xx'2,
hence X < (3 ++/10)? < 38.

IN sUMMARY, we've proved—as did Riesz:

If F = u+iv € C[z] with F(0) = 0, then

/#g%/ﬁ

hence (Ry) is true with Cy = 38.% O

Exercise. Show that Riesz’s argument works, even more simply, to
prove that for each complex polynomial F = u + iv with F(0) = 0:

(R2) /zﬁgk/u?

CONJUGATES

* The best-possible constant (assuming
only v(0) = 0) was found in the early
1970’s by Brian Cole (unpublished)
and Stylianos Pichorides [4]; it is
cot(rr/8)* =33.97056 - - - .
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2 Why (Ryq)?—DPart I

One can think of inequalities like (R4) and its generalizations (R})
to follow as providing bounds for solutions to the Cauchy-Riemann
system of partial differential equations

dv  Jdu
- ox
Jduv _ du
x  dy

where u is, in our case, a harmonic polynomial in two real variables,
and v is its normalized harmonic conjugate (i.e., the unique harmonic
function v (in this case also a polynomial) such that v(0) = 0 such
that F = u + iv is analytic (in our case: a polynomial in z = x + iy).

Why should it be important to obtain such bounds on a single cir-
cle? As happens frequently, a seemingly special case gives something
much more general. To see how this happens for Riesz’s problem, fix
F=u+iv=Y"N a,z" a polynomial with F(0) = 0, and for r > 0 let
F; be the polynomial defined by

N
F(z) = F(rz) =} apr"z"
n=1

The decomposition of F; into real and imaginary parts is then
F = u, +iv,

with u,(z) = u(rz) and similarly for v,. Thus inequality (R4) applies
as well to the pair u;, v, , and yields

7T . T .
/ lo(rei®)|* do < c4/ u(re®) e (r>0),
- -7
so the L*-mean of v is not just controlled by that of u on one circle,
it’s controlled by u on every circle centered at the origin.

We can go further by integrating both sides of the above inequality
on the measure rdr over, say, the unit interval. The result then is

/ lo[4dA < c4/ ul*dA,
U U

where U is the open unit disc {|z| < 1} (with a similar result for any
disc centered at the origin).

CONJUGATES

Exercise. Show that [ |v|*dy <
Cy [ |u|* du for any “radially sym-
metric” positive measure y on the
plane.
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3 Beyond (Ry)—Part I

WHAT wAs the “beautiful collection of theorems” that Riesz knew
would follow from (R4)? Here’s a beginning:

Proposition 3.1. Suppose F = u + iv € C|z] with v(0) = 0. Then for each
positive integer n there exists a constant C = Cyy,, independent of F, such
that

(Ran) / P < C / 2

We've just established this result for p = 4 as an Exercise, and have
noted in an Exercise that the case p = 2 is even simpler. The case
p = 2n follows along the same lines; for simplicity we’ll just give the
argument for p = 6, leaving the general case as an exercise.

PrOOF OF (Rg). Proceeding as in the the case p = 4 we observe that

0=F(0)°= /(u + iv)®

so the integral on the right is real. From this observation and the
Binomial Theorem we see that

0= /Re (u+iv)® = /(u6 — 15u*0? + 15u%0v* — v°)

whereupon

/216:—/u6+15/u402—15/u2214
/u6+15/u402+15/u204.

From Holder’s inequality we find

Jor < () (o) ma foost< (o) ([ )

This, along with the previous inequality yields

fos fos([) (1) (1) (1)

Write [ 0% = X [ u® and substitute this into the above inequality. We
may divide both sides of the resulting inequality by [ u®, since that

IN

1/3

uantity is > 0.2 The result is: 2 Recall: we are assuming that u is not
q y g
identically 0.

X <1+15xY3 +15Xx2/3,

which can hold only for X in a bounded interval of the non-negative

real axis, say 0 < X < C. This proves Rg.3. O 3...with C < 40524. By [4], the best
constant is Cg = cot(71/12)° ~ 2702
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4 Beyond (Ry)—Part II: The Riesz Transform

HAVING PROVED the inequalities (Ry,) for each positive integer 1,
could Riesz extend his results to inequalities (R,) for each 2 < p <
o0? The answer is "Yes"; we’ll explore his remarkable argument in this
section.

For1 < p < oo, recall the L? norm of f: [0,27t] — C (Lebesgue-
measurable), defined by:

1/p Integral notation as in (1) of Section 1.
Hf”p = (/ |fp> Since |f|” is measurable, its integral
makes sense, possibly = .

With this notation, inequality (Ry,) of Proposition 3.1 can be restated:

For each positive integer n there exists a positive constant Cyp,, such

that: IfF =urive C[Z] with U(O) =0, then Note that the constant “C” is defined

( R/2 n) ||U||2n <Gy ” u”Zn ) differently here than in the last section.

We know from real analysis that for 1 < p < oo, the space LF =
LP([0,2m]), consisting of those (a.e. equivalence classes of) measur-
able, complex-valued functions f on [0,27] for which [ |f|F < co,isa
Banach space in the norm || - ||,.

In this setting Riesz’s results assert—so far—that if # is a posi-
tive integer, then for polynomials F = u + iv with v(0) = 0, the
linear map u — v is continuous in the L2 metric. In the language
of undergraduate-level complex analysis, we’re talking about the
map that acts on the (real) vector space of harmonic polynomials that
vanish at the origin by taking a vector u to its harmonic conjugate v.

To GIVE a less clumsy interpretation, let’s fix one of our polynomials
F = u+iv, with F(0) = 0, and write it out:

F(z) =) anz" = u(z) +iv(z) (z € Q).

Note that the integrals in inequalities (R,) extend over very re-
stricted values of z; those in the unit circle z = €. Thus, we care
about the “trigonometric polynomial”

F(e?) = Y ase™ (0 €R),
n=1
for which we have

@) u(e®) = 5[F(gif’) +EE®)] = Y bye



with

ap/2 ifn>0
8) by=<0ifn=0

a,/2 ifn<0.
Similarly

oy _ L rpio W,N b gind

8 o) = IF(E) ~F@) = ) cnbue
where

1/i ifn >0
(10) wy =40 ifn=0

—-1/i if n <0.

THE R1Esz INEQUALITIES, as we've just noted, really concern trigono-
metric polynomials. With this in mind, let’s “reverse-engineer” our
previous setup, beginning not with the polynomial F = u +iv € C[z],
but rather with u, regarded as a trigonometric polynomial—in fact an
arbitrary one

. N .
(11) u(e) = Y bue?,
n=—N
for which the coefficients b, are any complex numbers.
In this generality we define the “conjugate” of u” to be the trigono-
metric polynomial v defined by:

0(619) _ Z wnbneme ,
n=—N

(12)

with w;, defined by (10) above. Thus F = u + iv is, as before, a
trigonometric polynomial that is “analytic” in the sense that it’s built

from only positive powers of ¢?:

F(e) =byg+2 ) bue™.
n=1
Let’s call v the “Riesz transform” of u write v = Ru. The defini-
tion (12) tells us that R is a (complex-) linear transformation on the
(complex) vector space .7 of trigonometric polynomials.

Proposition 4.1. For each positive integer n the Riesz transform is contin-
uous in the L2"-metric on 7.

CONJUGATES

Note that this definition makes the
constant coefficient of v equal to 0.

But now u and v need not be the real

and imaginary parts, respectively of F.

How might they differ from these real
and imaginary parts?

A more common notation for v is i,
in which case it’s called the conjugate
function (and sometimes the Hilbert
transform) of u.

6



Proof. The inequalities R}, establish this for the space of real-valued
trigonometric polynomials with “constant term” zero.4 The trick is to
remove these extra hypothesis.

To remove the “real-ness” hypothesis, fix a trigonometric polyno-
mial # with constant term 0, and write it in real and imaginary parts
as u = uq + iup. By complex linearity, Ru = Ruj + iRu,. Fix a positive
integer n and set p = 2n. Thanks to Proposition 3.1 we know (since
1y and uy are both real-valued with constant term = 0) that that there
is a positive constant Cj, such that

IRujlly < Cpllujll, — (j=1,2),

whereupon

|Rullp = [|Ru1 + Ruz||p
< [|Ruyl[p + [[Ruz ||,
< Cp[””l”p"‘”%”p}-

Now upon recalling that u = uy + iup, we have |[u;||, < [lul|, for
j = 1,2. Thus ||Rul[, < 2Cy||ulp, so the complex extension of our
previous “real” results works, at the cost of doubling the previously
obtained constants.

To remove the “constant term = 0” hypothesis, let uy = u — u(0),

SO
Ru = R(ug + u(0)) = Rug+ R(u(0)) = Rug
———
=0
whereupon
IRullp = [|Ruollp < Cplluollp = Cpllu = u(0)[l, < (Cp +1)|ullp,
where the last inequality comes from ||u(0)|, < ||u||, (exercise). [

TRIGONOMETRIC POLYNOMIALS are important for our purposes
because for each p < oo they are dense in LP. 5 Inequalities (Ry,) imply
that, for each positive integer #, our Riesz operator R is uniformly
continuous in the norm of L?". Thus it has a unique extension to a
continuous linear transformation on L2", which we’ll continue to
denote by R.

This brings us to a result whose proof Littlewood has called: “The
most impudent method in mathematics”.® Here is the special case
that applies to our situation:

Theorem 4.2 (Riesz-Thorin Interpolation—uvery special case). 7 Sup-
pose 1 < p < q < oo, and T is a linear transformation defined on LP (and
therefore on L1), and continuous on both spaces. Suppose r € (p,q). Then T
maps L" continuously into itself.

CONJUGATES

4 Exercise. Show that R transforms this
space into itself.

5See, e.g. the lecture notes [8], freely
available online. The proof there is
given for LY; it’s (almost) the same for
the other L spaces.

...and about which we’ll say more
later.

¢See [2], page 40 (last sentence).

7 See [9] for the general case, and more
generally for an excellent introduction
to this notion of “interpolation”. In [1],
Ch., IV, pp.93—97 you'll find an even
more general result, from which the
Riesz-Thorin Theorem emerges as a
corollary.
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The Riesz-Thorin Theorem, allows us to extend Proposition 4.1 to
all p € [2,00).

Theorem 4.3. For 2 < p < oo the Riesz transform extends uniquely to a
linear transformation continuous on LP.

5 The Riesz transform on LP: What is it?

LET’s REVIEW. Given a trigonometric polynomial

f(eie) — Z aneiné’l
In[<N
its Riesz transform (or conjugate function, or Hilbert transform) is the
trigonometric polynomial

Rf(eie) _ Z Wy ay ein@/
In|<N

with the “coefficient multiplier” w; defined by (10) on page 6.
Thanks to our work on Riesz’s inequalities for p an even integer,
we were able to prove that R is LP-norm-continuous on the vector
space of trigonometric polynomials and so—thanks to the density of
trigonometric polynomials in LP—has a unique extension to a contin-
uous linear mapping taking L” into itself (for p an even integer). The
Riesz-Thorin interpolation theorem then allowed us to extend this
result to all values 2 < p < oo.

QUESTIONS REMAIN, for example:

® What does R look like on the vectors in LP that are not trigonometric
polynomials.

o What happens if 1 < p < 2?
e What happens if p =1 or p = 00?

We'll answer the first of these questions right now, the second one in
the next section, and the third in §8.

NOTATION:
en(6) = e’ (neZ, 6 eR),

and observe that

: 1 o 0if n#£0
(13) Jen=sr [ eman=
) " 2m o 1if n=0.



Furthermore, let’s impose a natural inner product on the vector space
Z of trigonometric polynomials

8= [f3 (fge ).

With this inner product we see from (13) that the exponentials
{en: n € Z} form an orthonormal basis for 7. This exhibits each
trigonometric polynomial f as a sum

f=Y cuen

In|<N

with

en={fren) = [ o= [ feou.
This suggests that for f € L! and n € Z we define

~

Flny = {foen) = g [ (e as,

to be known henceforth as the n-th Fourier coefficient of f, and the

formal series®

Z ]’(\(n)eine
nez

o~

is called the Fourier series of f. Clearly |f(n)| < ||f||; for eachn € Z .
The function ]?: Z — (% is called the Fourier transform of f.9.

L2 1S THE PLACE TO BE!

Since L? is a Hilbert space in which the trigonometric polynomials
are dense, the complex exponentials {e,,: n € Z} form an orthonor-
mal basis, meaning that each f € L? is uniquely represented by its
Fourier series, and that this series converges to f in the metric of L2.
Furthermore we have Parseval’s identity

IF13="Y [F(m]?
nez
for each f € L2, and indeed, a function f € L1 lies in L2 if and only
if the sum on the right is finite! *°

WHAT ABOUT THE OTHER LP SPACES?
It turns out that the Fourier series “representation” is unique for L!,
in that if (1) = 0 for every f € L, then f is the zero-vector of L1
(i.e., f(e'®) = 0 for almost-every 0). However the Fourier series of an
f € L! need not converge to f (or to anything) in the L!-metric.!
The same is true for L®. Indeed, if the Fourier Series of a function
f € L* converges in the norm of L*, then (exercise) the limit agrees
with a continuous function a.e. (and the convergence of the Fourier

CONJUGATES 9

Recall that, by Holder’s inequality L C
L! for each p > 1, with || - ||, < S
on LP. In particular, the definition here
applies in L? for each p > 1.

8 The term "formal" refers to the fact
that—right now—we’re making no
predictions about convergence.

9 Exercise. In addition, |f(n)| — 0 as
[n| — oo (this is the Riemann-Lebesgue
Lemma).

* In particular, the convergence of
the Fourier series of f € L? to fis
independent of the way in which the
terms of the series are arranged.

 See §8 below.



series to that continuous function is uniform on the unit circle (or,
equivalently, on the interval [0,271]). Thus the Fourier series of any
“essentially discontinuous” function f € L* cannot converge to f in
the metric of L. 2

LeFT OPEN, however, is the following question:

Suppose 1 < p < ooand p # 2. Does the Fourier series of each
f € LP converge to f?

We'll see in Section 7 that the Riesz transform provides the answer.
However, right now the task is to use Fourier series to identify the
action of the unique continuous extension of the Riesz transform
from the space of trigonometric polynomials to L¥ for 1 < p < oo.
The key to this lies in the following

Proposition 5.1. Foreach p € [1,00) and n € Z, the “n-th Fourier
coefficient functional”

~

f—=f(n) (feLP)
is continuous on LP.

Proof. The functional is clearly linear, so we need only prove its conti-
nuity at the origin. This comes from Holder’s inequality:

ool = [ fe-s

< |Ifllplle—nllpr < [1£1p.

where p' is the Holder conjugate index of p,"3 and |[|ex||,; = 1 be-
cause |e,(e?)] = [e?| = 1 for every 6. This establishes the desired
continuity. O

Now we can identify the action of the Riesz transform R on L? for
2 < p < . Fix f € LP and choose a sequence ( f;) of trigonometric
polynomials that converges to f in LP-norm. Then for each n € Z, we
know from Proposition 5.1 that for each n € Z:

-~

RF (n) = lim Rfe(n) = lim wn fe() = waf (1),

where, as usual, the “multiplier” w, is defined by (10). Thus we’ve
proved

Theorem 5.2. Suppose 2 < p < oo. If f € LP then Rf is the function in
LP with Fourier series

(14) Y. wuf(n)e.

nez

2 Exercise. It can’t converge (to any-

CONJUGATES

thing) in the metric of L*.
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6 The Riesz transform on LP for 1 < p < 2.

OUR EXTENSION of the inequalities (R,) to (Rp) forall p € (2,0)
depended on the Riesz-Thorin Theorem, the proof of which Little-
wood called “the most impudent method in mathematics.” In this
section we’ll extend the result to 1 < p < 2, by what must therefore
the the “second-most impudent method in mathematics,” i.e., the
Method of Duality.

Definition 6.1. If X and Y are Banach spaces, with dual spaces X*
and Y™ respectively, then for each a continuous linear transformation
T: X — Y the formula

(Ty)(x) =y'T(x) (€Y', xeX)

defines a continuous linear transformation Y* — X*; it is called the
adjoint of T.

In our case, X = Y = L” for some value of p strictly between 1
and 2, and—thanks to the Riesz Representation Theorem—we can
represent X* and Y* by LP, with p’ € (2,00) the Holder conjugate
index, and each vector ¢ € L?' inducing continuous linear functional
@, on LF via

(15) @)= [fg  (Felh).

With this identification of the dual space, the Riesz transform, which
we know is continuous on L?’ has its adjoint R* continuous on L*.

WHAT 1s R*: LP — LP for 1 < p < 2?

To find out, fix trigonometric polynomials f = Zf(n)eme and g =
Y. g(n)e. We know from Definition 6.1, the duality pairing (15), and
the orthogonality relations (3) that

(16) De(f) =Y F(n)g(—n).

hence R
Pref(8) = ) w-nf(n)g(—n) = P_gs(g)-

Thus R* = —R on the vector space .7 of trigonometric polynomials,
so by the continuity of both R and R* and the density of .7 in the
spaces L spaces under consideration here, we have R* = —R on all
of LP.

ConcrusioN: For 1 < p < 2 the Riesz transform R extends contin-
uously from the space of trigonometric polynomials to all of L?, and
this extension is given, just as in the case 2 < p < oo, by the “Fourier
multiplier equation” (14).

11
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7 Mean convergence of Fourier Series

So FAR we have shown thatif 1 < p < co and wj, as given by (10)
above, then:

e Foreach f € LP, with Fourier series ¥,c f(n)e™, the “conju-
gate series”
Z wn]?(n) einf)
nez
is the Fourier series of an L function Rf. Moreover,

* The “Riesz transform” f — Rf is a continuous linear mapping on
Lr.

In this section we’ll use the Riesz transform to study the question of
whether or not the Fourier series of an L” function converges, in L?,
to that function. More precisely, for f € L!, define

Snfi= ) F(n)en?,
[n|<N
the “N-th symmetric partial sum of the Fourier series of f.” Conver-
gence of this Fourier series to f, in whatever mode is being discussed
at the time, always refers to convergence of Sy f to f as N — oo.

As mentioned earlier: for f € L?, Hilbert-space theory and density
of the trigonometric polynomials in L2 imply that the Fourier series
of f converges to f in L?. For other values of p € (1,00) we still have
the LP-density of trigonometric polynomials, but we do not have the
notion of orthogonality that underlies the Hilbert-space argument. In
its place we have the continuity of the Riesz transform, and this turns
out to be all that’s needed.

For 1 < p < oo, the LP-continuity of the Riesz transform guaran-
tees that the linear mapping P defined by

Pfi=S(FHRA+5F0)  (Felr).

takes L? continuously into itself; by Theorem 5.2 its image is pre-

cisely H?, the subspace of L? consisting of functions f with f(1n) = 0
for each n < 0. ' Moreover, P is the identity map on H?, i.e,, it’s 4 Equivalently, H” is the space of L?
a projection of LP onto H”. In honor of its connection with the Riesz

transform, P is called the Riesz Projection of LF onto H”. Yo f ()€™,

Theorem 7.1. If1 < p < coand f € LP, then SNf — fin L?, i.e., the
Fourier series of f converges to f in the metric of LP.

Proof. Forn € Z let M,, denote the operator of “multiplication by
eind.

M, f () = e £ (') feR.

12

functions whose Fourier series are “of
power-series type”, i.e. have the form
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Note that M,, is a linear isometry on L?, and that the Fourier series of

M, f is just

Z f’-\(k)ei(kﬂi)e — Z f(k _ n)eike ,

keZ kez
i.e., the graph of the Fourier transform ]\//Iﬁ is just the graph of j?
translated n units to the right.

The “complementary projection” to I — P projects L” continuously

onto the subspace of L¥ whose positively indexed Fourier coefficients
are all zero, so the mapping Q : LP — L? defined by

Qf =U=P)f+£(0) (felF)

projects LP continously onto the space consisting of functions whose
Fourier non-negatively indexed Fourier coefficients are all zero.

I leave it to you to check (best done by drawing pictures of Fourier-
transform graphs) that for each f € L?:

Snf:MnQMZnPMnf/
hence

(17) 1Sufllp < IQINIPIIfI, = CllfIly

where C = ||Q||||P]| = ||P||||I — P|| is finite, and independent of f.

Now we're in a standard end-game position. We know that S, f —
fin L? on a dense subset (the trigonometric polynomials), and we
know that the sequence of operator-norms ||S,|| is bounded (by C).
Thus, given f € L? and &€ > 0, choose a trigonometric polynomial g
for which || f — ¢||, < &/(C+1), and choose N > 0 such that n > N
implies that Syg = g (i.e., choose N > to be the “order” of g. Thus N
depends only on €). Then for n > N

Suf —f=(Suf —5ng) + (Sug —8) +(8§— f)
\-—:6—/

SO

1Snf = fllp < ISnf = Suglly + g = fllp
= 1Su(f=&)llp +1If —gllp
<Clf—glp+1f—gllp
<(C+1e/(C+1)=¢

which completes the proof. O

13
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8 What about p = oo and p =17

So FAR we've seen that for 1 < p < oo:

¢ The Riesz transform maps LV continuously into itself,

® Hence so does the Riesz Projection, and consequently:

e The Fourier series of each f € LP converges to f in the LV norm.
Theorem 8.1. The Riesz transform does not map L* into itself.
Proof. Consider the geometric series :

! i
1—z =0

with the series on the right converging uniformly on compact subsets
of the open unit disc. Upon integrating both sides of this equation
on the line segment from 0 to z, and using uniform convergence to
interchange the integral and sum on the right, we obtain

(18) log [ — v la (1<)

og| —— | = - ,

& 1—2z —'n
n=1
again with the series on the right converging uniformly on compact
subsets of {|z| < 1}. Here the logarithm on the left is the principal
branch of the complex logarithm."> 5 Defined for z = re’ € C\(—c0,0) by
It’s an easy exercise to check that 1/(1 — z) has real part > 1/2 log(z) = Inr +i6

whenever |z| < 1, so the principal value of its argument lies in the where 8 is the principal value of argz
interval (—7t/2, 7/ 2). Hence (the one for which |0| < 7).

(19) F(z) := —ilog (1> =iln|l —z|+arg (1> .
1—-z N—— 1—-z
—_——

=0(z) -

=u(z)

is analytic in the open unit disc U := {|z| < 1}, so its real part u
and its imaginary part v are harmonic there, with v the harmonic
conjugate of u (for which v(0) = 0).

The crucial points here are that on the unit circle:

o F € [2 (exercise), hence the same is true of uand v.
* 1 is bounded, while v, is not!/

e v =Ru.

CoNcLusioN: R(L®) ¢ L. O



Corollary 8.2. The Riesz transform does not map L' into itself.

Proof. Suppose R did map L! into itself. Then it would have to do so
continuously®, so the adjoint map R* would map L® continuously
into itself. But just as in §6, we’d then have R* = —R, hence the Riesz
transform would take L* into itself—contradicting the conclusion of
Theorem 8.1 above. O

Corollary 8.3. There exists f € L' whose Fourier series does not converge
in the norm of L.

Proof. Suppose, for the sake of contradiction, that the Fourier series
of each f € L! were to converge in L. Then for each f € L!, the
symmetric-partial-sum sequence (s, f, n € IN) would be bounded
in L'-norm, so by the Uniform Boundedness Principle'7 there would
exist a positive constant A such that

Isuflly < Al flla

for every f € L! and every n € IN.
For N € N let %y denote the family of “trigonometric polynomi-
als of order < 2N,” i.e., functions of the form

0y _ D 7 ind
fe¥) =} flm)e™.
-2N

As in the proof of Theorem 7.1, let My denote “multiplication by
the function e/N?. I leave it to you to check that on Z the Riesz
projection P is represented in terms of Sy by:

P

TN — MN SN M,N

Thus for each N € N and f € N we have (since My is an Ll-
isometry)

IPflln < Allf]

so this inequality is true for every trigonometric polynomial, and
so—by the density of trigonometric polynomials in L!—is true for
each f € L.

ConcrusIon: If the Fourier series of each function in L! were to
converge in the L!-metric, then the Riesz projection would map L!
continuously into itself, contradicting Corollary 8.2. O

CONJUGATES 15

6 By the Closed-Graph Theorem; see,
e.g., [7], Ch. 5, Exercise 16, page 114.

7 See, e.g., [7], Chapter 5, Theorem
5.8, pp- 98-99 (where it’s called the
“Banach-Steinhaus Theorem”).



CONJUGATES

References

1.

Yitzhak Katznelson, An Introduction to Harmonic Analysis, John
Wiley & Sons, 1968.

. John E. Littlewood, Littlewood’s Miscellany (ed. by Bella Bollobds),

Cambridge Univ. Press, 1968

. Donald ].Newman, The nonexistence of projections from L' to H',

Proc. Amer. Math. Soc. 12 (1961) 98-99.

. Stylianos K. Pichorides, On the best values of the constants in the

theorems of M. Riesz, Zygmund, and Kolmogorov, Studia Math. 44
(1972) 166-179

. Marcel Riesz, Sur les fonctions conjugueés, Math. Z. 27 (1928) 218-

244

. Walter Rudin, Principles of Mathematical Analysis, 3rd ed., McGraw-

Hill 1976.

. Walter Rudin, Real and Complex Analysis, 3rd ed., McGraw-Hill,

1987.

Joel H. Shapiro An introduction to Fourier Series, Lecture Notes,
PSU Analysis Seminar, January 2018. Available here:
https://joelshapiro.org/Pubvit/Downloads/joel_fs.pdf

Terence Tao, Math 245C, Notes 1: Interpolation of L? spaces. Freely
available at: https://terrytao.wordpress.com/2009/03/30/
245c-notes-1-interpolation-of-1lp-spaces/#more-1977

16


https://joelshapiro.org/Pubvit/Downloads/joel_fs.pdf
https://terrytao.wordpress.com/2009/03/30/245c-notes-1-interpolation-of-lp-spaces/#more-1977
https://terrytao.wordpress.com/2009/03/30/245c-notes-1-interpolation-of-lp-spaces/#more-1977

	Riesz's proof of (R4)
	Why (R4)?—Part I
	Beyond (R4)—Part I
	Beyond (R4)—Part II: The Riesz Transform
	The Riesz transform on Lp: What is it?
	The Riesz transform on Lp for 1<p2.
	Mean convergence of Fourier Series
	What about p= and p=1?

