On the Toeplitzness of
Composition Operators

(with Fedor Nazarov)

1. The setting

e U={|z| <1} CC
e« H2={f(z) =3 f(n) =" : Y |F(n)]? < o0}
0

e H2 = {f € L%(0U) : f(n) =0 Vn < 0}

e P:L2(8U) — H? Orthog (Riesz) proj'n.



2. The operators

e Composition: ¢ : U — U holomorphic

Cof =fop  (f €Hol (1))

Littlewood (1925): C,(H?) C H?

C,: H?> — H? bounded linear operator

o Toeplitz: b e L°°(0U)

Tyf = P(bf) (f € H?)

T, : H?° — H? bounded linear operator

e Two Toeplitz Examples: b({) =¢(
o 1y = forward shift (=S

0 TE — backward shift = S*



O
3. Matrix of Tj; b~ Y b(n)e™
— 00

5(0) b(—1) b(=2) b(=3) ---

b(1) b(0) b(—1) b(=2) ---

[T,)] = | 5(2) B(1) b0) b(—-1) ---

b(3) b(2) b(1) b(0)

Constant on Diagonals!

S* TbS:Tb




4. Which C, are Toeplitz?

1 3(0) ¢2(0) ¥3(0)

0 #(1) @2(1) $3(1)
[Col= | 0 @2 @2 ¢

0 3(3) ¢(3) £3(3)

e Main diag: ¢(1) =1
e Sub-diag's: g(n) =0 Vn>1
e 1st Super-diag: ¢(0) = 92\2(1) = 2¢(0)p(1)

Conclude: Cy, Toeplitz < ¢(2) =2 (Cp=1)



5. Asymptotic Toeplitz Operators
(Barria & Halmos, 1982)

T € L(H?) “Asymptotically Toeplitz”
means:

“{S* T S™} strongly convergent.”

e “"Asymp Toep.” = "Diagonals converge’”

< SFTSNLY B s = < gny GNP s

— < Tzoz—l—n, zﬁ—l—n >

— [T]oz—l—n,ﬁ—l—n

o “"Compact’ = “Asymp. Toep.”



6. Which C, are Asymp. Toeplitz?

Theorem 1. |p| <1 a.e. on 9U
=

Cyo Asymp. Toep.

Example. Ci4, Asymp. Toeplitz
2

nontrivially (not compact).

Proof of Thm. For f € H? fixed:
IS*" Cp S™FI7 < Nle™(fo @)

= [ el If ol dm

~ ObyLDCT  ///



7. Converse of Thm. 17
w(z) % z from now on !!

Thm. 2 (Partial Converse)

Cy asymp. Toep.
= || <1 a.e. on oU
©(0) =0

Example. ¢ inner, ¢(0) =0

=

C, not asymp. Toeplitz on H?.

Example. Jp with m{|¢| =1} >0

but for which

Cy, Is asymp. Toeplitz!



8. Proof of “Partial Converse”
Assume: ¢(0) =0 & m{|p| =1} > 0.

To Show: Cy, not Asymp. Toeplitz.

o C, asymp. Toep. = S*C,S" — 0
strongly on H? (later).

e ©(0) =0= vY(z) :=¢(z)/z, holo on U.

|5*7 Cp ST 1|

/aU |S>|<n N 2pn|2 dm

2n
d
| e dm

> m{|lp| =1} >0

/1]

Summary: If ¢(0) = 0 then
Cyp asymp. Toep. <= m{|e| =1} = 0.



9. “Mean” Asymp. Toeplitzness
Theorem 3. V ¢, Va > 0:

Cy is (C,a)—asymp. Toeplitz.”

in fact: o(z) %z = ||5*Cusnf] {CY o
C,1

C,a
° s, (G s means > cfg)sj N

® Ca#ca, bUt CQ%C% (0422,3, )

o (C,ax) \, aS a \,



10. Matrix Convergence Methods

Defn. A = [aij];j),?:O is @ regular matrix
means
imsp, =5 = |I7[LT1 Z apj S§ =S

n
J

Classical Thm. A regular iff

(i) Ii7[bn an,; =0 Vg (col's — 0)

(i) sup Z|an’j| < oo (“absol. row sums” bndd)
J

(iii) lim Zan,j =1 (row sums — 1)
J

Defn. Call A V-regular if, in addition,

(iv) lim > lan — ap j4+11 =0 (row varn's — 0)
J

Rmk. C, is V-regular ¥ o > 0.



11. A-(asymp) Toeplitzness

Defn. ‘“T"is A-Toeplitz" means

o)
(Z an,j S*n T Sn)

J n=0

strongly convergent on HZ2.

Theorem 4. If A is V-regular then every
composition operator is A-Toeplitz on H?2.

Proof outline.

J

where W, =) ay ; Y
J



Theorem 4. If A is VV-regular then every
composition operator is A-Toeplitz on H?.

Proof outline.

¢« S C, 8" = Ty Cp = Ty G,

¢ 3 an; ST = Ty,Cpi Wa=3 an; ¥
- j

J

Therefore for f € H?:

o 1> an; STS"f|| = ITw,Cofll < IWnCofl
J

So enough to show:

o |[Wnfl|—0 V feH?

1 n
o W, = (1— ) (;(an,j _an,j—l) (0 +an,0)



Theorem 4. If A is VV-regular then

every composition operator is A-Toeplitz on H?.

Enough to show:

o |W,.fll =0 V fe H? where
- 1
Wn 1= Z anj P’ = o Z(an,j — anj-1) Y" +anpo |,
j (1 _¢) ]

and ¥ (z) = zp(2) (z € 0U).

o Wal=1) an; ¥/I<)  lans <M
j j

1

P Isy

> (an; — anj-1]) " + lanol
j

o U, — 0 “boundedly a.e.” on 90U.

o W f|P = / W22 = 0 /)
oU



Have proved: If A is V-reqgular, then:

Theorem 4. Every comp. operator is A-
Toeplitz on HZ.

Corollary. Every comp. operator matrix has
A-convergent diagonals.

Qn. 1. Does every comp. operator matrix
have convergent diagonals?

Equivalently: Is every comp. operator on H?
“weakly asymptotically Toeplitz?"

Qn. 2. Which comp. ops. on H? are asymp-
totically Toeplitz?



