
On the Toeplitzness of
Composition Operators

(with Fedor Nazarov)

1. The setting

• U = {|z| < 1} ⊂ C

• H2 = {f(z) =
∞∑
0

f̂(n) zn :
∑
|f̂(n)|2 <∞}

• H2 = {f ∈ L2(∂U) : f̂(n) = 0 ∀n < 0}

• P : L2(∂U) → H2 Orthog (Riesz) proj’n.



2. The operators

• Composition: ϕ : U → U holomorphic

Cϕf = f ◦ ϕ (f ∈ Hol (U))

Littlewood (1925): Cϕ(H2) ⊂ H2

Cϕ : H2 → H2 bounded linear operator

• Toeplitz: b ∈ L∞(∂U)

Tbf = P (bf) (f ∈ H2)

Tb : H2 → H2 bounded linear operator

• Two Toeplitz Examples: b(ζ) = ζ

◦ Tb = forward shift := S

◦ Tb = backward shift = S∗



3. Matrix of Tb: b ∼
∞∑
−∞

b̂(n)einθ

[Tb] =



b̂(0) b̂(−1) b̂(−2) b̂(−3) · · ·

b̂(1) b̂(0) b̂(−1) b̂(−2) · · ·

b̂(2) b̂(1) b̂(0) b̂(−1) · · ·

b̂(3) b̂(2) b̂(1) b̂(0) · · ·
. . . .
. . . .



Constant on Diagonals!

S∗ Tb S = Tb



4. Which Cϕ are Toeplitz?

[Cϕ] =



1 ϕ̂(0) ϕ̂2(0) ϕ̂3(0) · · ·

0 ϕ̂(1) ϕ̂2(1) ϕ̂3(1) · · ·

0 ϕ̂(2) ϕ̂2(2) ϕ̂3(2) · · ·

0 ϕ̂(3) ϕ̂2(3) ϕ̂3(3) · · ·

. . . .

. . . .



• Main diag: ϕ̂(1) = 1

• Sub-diag’s: ϕ̂(n) = 0 ∀ n > 1

• 1st Super-diag: ϕ̂(0) = ϕ̂2(1) = 2ϕ̂(0)ϕ̂(1)

Conclude: Cϕ Toeplitz ⇔ ϕ(z) ≡ z (Cϕ = I)



5. Asymptotic Toeplitz Operators

(Barŕıa & Halmos, 1982)

T ∈ L(H2) “Asymptotically Toeplitz”

means:

“{S∗n T Sn} strongly convergent.”

• “Asymp Toep.” ⇒ “Diagonals converge”

< S∗nTSnzα, zβ > = < TSnzα, Snzβ >

= < Tzα+n, zβ+n >

= [T ]α+n,β+n

• “Compact” ⇒ “Asymp. Toep.”



6. Which Cϕ are Asymp. Toeplitz?

Theorem 1. |ϕ| < 1 a.e. on ∂U
⇒

Cϕ Asymp. Toep.

Example. C1+z
2

Asymp. Toeplitz

nontrivially (not compact).

Proof of Thm. For f ∈ H2 fixed:

‖S∗nCϕ Sn f‖2 ≤ ‖ϕn(f ◦ ϕ)‖2

=
∫
∂U
|ϕ|2n |f ◦ ϕ|2 dm

→ 0 by LDCT ///



7. Converse of Thm. 1?

ϕ(z) ≡/ z from now on !!

Thm. 2 (Partial Converse)

Cϕ asymp. Toep.

ϕ(0) = 0

 ⇒ |ϕ| < 1 a.e. on ∂U

Example. ϕ inner, ϕ(0) = 0

⇒

Cϕ not asymp. Toeplitz on H2.

Example. ∃ϕ with m{|ϕ| = 1} > 0

but for which

Cϕ is asymp. Toeplitz!



8. Proof of “Partial Converse”

Assume: ϕ(0) = 0 & m{|ϕ| = 1} > 0.

To Show: Cϕ not Asymp. Toeplitz.

• Cϕ asymp. Toep. ⇒ S∗nCϕSn → 0
strongly on H2 (later).

• ϕ(0) = 0 ⇒ ψ(z) := ϕ(z)/z, holo on U.

‖S∗nCϕ Sn 1‖2 =
∫
∂U
|S∗nϕn|2 dm

=
∫
∂U
|S∗n znψn|2 dm

=
∫
∂U
|ψ|2n dm

≥ m{|ϕ| = 1} > 0

///

Summary: If ϕ(0) = 0 then

Cϕ asymp. Toep. ⇐⇒ m{|ϕ| = 1} = 0.



9. “Mean” Asymp. Toeplitzness

Theorem 3. ∀ ϕ, ∀α > 0:

Cϕ is “(C,α)–asymp. Toeplitz.”

in fact: ϕ(z) ≡/ z ⇒ ‖S∗nCϕSnf‖
(C,α)−→ 0.

• sn
(C,1)−→ s means

1

n+ 1

n∑
j=0

sj → s .

• sn
(C,α)−→ s means

n∑
j=0

c
(α)
nj sj → s .

• Cα 6= Cα1 , but Cα ≈ Cα1 (α = 2,3, . . .).

• (C,α) ↘ as α↘



10. Matrix Convergence Methods

Defn. A = [aij]
∞
i,j=0 is a regular matrix

means

lim
n
sn = s ⇒ lim

n

∑
j

an,j sj = s

Classical Thm. A regular iff

(i) lim
n

an,j = 0 ∀ j (col’s → 0)

(ii) sup
n

∑
j

|an,j| <∞ (“absol. row sums” bndd)

(iii) lim
n

∑
j

an,j = 1 (row sums → 1)

Defn. Call A V-regular if, in addition,

(iv) lim
n

∑
j

|an,j − an,j+1| = 0 (row varn’s → 0)

Rmk. Cα is V-regular ∀ α > 0.



11. A-(asymp) Toeplitzness

Defn. “T is A-Toeplitz ” means∑
j

an,j S
∗n T Sn

∞
n=0

strongly convergent on H2.

Theorem 4. If A is V-regular then every
composition operator is A-Toeplitz on H2.

Proof outline.

• S∗n Cϕ Sn = T(zϕ)n Cϕ = Tψn Cϕ

•
∑
j

an,j S
∗nTSn = TΨnCϕ

where Ψn =
∑
j

an,j ψ
j



Theorem 4. If A is V-regular then every
composition operator is A-Toeplitz on H2.

Proof outline.

• S∗n Cϕ S
n = T(zϕ)n Cϕ = Tψn Cϕ

•
∑
j

an,j S
∗nTSn = TΨn

Cϕ, Ψn =
∑
j

an,j ψ
j

Therefore for f ∈ H2:

• ‖
∑
j

an,j S
∗nTSnf‖ = ‖TΨnCϕf‖ ≤ ‖ΨnCϕf‖

So enough to show:

• ‖Ψnf‖ → 0 ∀ f ∈ H2

• Ψn =
1

(1− ψ)

∑
j

(an,j − an,j−1) ψ
n + an,0





Theorem 4. If A is V-regular then

every composition operator is A-Toeplitz on H2.

Enough to show:

• ‖Ψnf‖ → 0 ∀ f ∈ H2, where

Ψn :=
∑
j

an,j ψ
j =

1

(1− ψ)

∑
j

(an,j − an,j−1) ψ
n + an,0

,

and ψ(z) = zϕ(z) (z ∈ ∂U).

• |Ψn| = |
∑
j

an,j ψ
j| ≤

∑
j

|an,j| ≤M

• |Ψn| ≤
1

|1− ψ|

∑
j

(|an,j − an,j−1|) ψn + |an,0|



• Ψn → 0 “boundedly a.e.” on ∂U.

• ‖Ψnf‖2 =

∫
∂U
|Ψn|2|f |2 → 0 ///



Have proved: If A is V-regular, then:

Theorem 4. Every comp. operator is A-

Toeplitz on H2.

Corollary. Every comp. operator matrix has

A-convergent diagonals.

Qn. 1. Does every comp. operator matrix

have convergent diagonals?

Equivalently: Is every comp. operator on H2

“weakly asymptotically Toeplitz?”

Qn. 2. Which comp. ops. on H2 are asymp-

totically Toeplitz?


