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1. The Denjoy-WOolIff point

0:U—U holomorphic

e Schwarz Lemma:

welU
= pnp —wonU

p(w) =w
e Denjoy-WOolIff Theorem (1920's)

If ¢ fixes no point of U then

3! w € 9U such that

on —w on U



2. Denjoy-WOoIff: Complete Story

holomorphic
p:U—-U
no fixed point in U

(%) Julia’s Lemma:

3 (1) w € 90U such that

VH: o(H) CH

e w= DW point of .

e w a ‘fixed point” of ¢

Zlim,—po(z) =w

e o ‘‘conformal at w"

_ 1 —
Zlim ¢'(2), Zlim °(2) w, Zlim p(2)]
Z2—w =Wz — W z—w 1 — |Z|

all exist, all equal.



3. Denjoy-WOIff & Hardy Space

@)
H?: All f(2) =) apz™ € Hol (U) such that
0

2. N~ 2
LFI1Z 2= D lan|® < oo
0

A Hilbert space

“Boundary H?: f € H? =

o / IIme<Z) = f(¢{), a.e. ¢ € OU.

o 12 = [ 1F(OP dm(<)

DW Theorem (restated). V¢ : U — U holo.

Jw € U such that

on — w weakly in H?

(i.e. {pn, f) = (w, f) Vfe H2)



4. QN: |lopn —w|| — 0 77

NO if ¢ inner and w € U

T heorem. YES in every other case!

Proof. (a) w € U, ¢ not inner.
WLOG w =0 (i.e., ¢(0) = 0).

KNOWN: 3 0 <4 <1 such that

fe H?

} = [[foel <4l
f(0)=0

= |lenll <0 — O



We are proving

Theorem. |jon —w| — 0
UNLESS ¢ inner & w € U.

Proof. (a) w € U, ¢ not inner: Done!

(b) w € U, WLOG w = 1.

ln — 1117

Ifownll®>  (f(z) =2-1)
[ 1£ o gnf? dm

P[|f © ¢n|*1(0)
P[|£1?1(n(0))

P[2(1 — Re 2)](#n(0))

2(1 — Re ¢, (0)

O L]



5. QUESTION

@ inner .

~ & = n — w a.e. on U
weU

Remarks.

o (x) = ppn, — w a.e. on OU.

e o > w a.e. = |lon—w||—0

Proposition

@ not inner
& = np — w a.e. on U

weU

Proof. WLOG w = 0.

|pnl|| < o™ some 0<d<1

00 > |lpnll® = Z/ on|? dm = / (" lpnl?) dm

=Y |enl® < o0 a.e. = pn — 0 a.e. ]



Recall our question:

@ inner .
~ & = n — w a.e. on U
weU

So far have proved:

@ not inner
& = np — w a.e. on oU

welU

6. QUESTION: What if w € 0U7

Know ¢, — w in norm. 7?7 — AE 77

lon — 112 < 2(1 — Re ¢n(0))

< 2(1 — |¢n(0)]?)

(1 —|en(0)]) < oo = pn — w a.e.




Our Question: ‘o, — w a.e.” 77

So far:
e FALSE if ¢ inner and w € U.

e TRUE if either:
(i) w € U and ¢ not inner

(i) 3 _(1 = [en(0)]) < oo

Remarks: For w € 90U:
o ~ [pp — w a.e. = (ii)]

o (ii) = pn — w a.e. for ¢ inner!
(Doering & Mane, 1991)

Question: > (1 — |pn(0)|) < oo

For which ¢ with w € U 7



7. Question: > (1 — |on(0)]) < oo

for which ¢ with w € 90U 7

Two ‘“types” of ¢ with w € 9U:

e Hyperbolic: o' (w) < 1

e Parabolic: o' (w) =1

Proposition

¢ hyperbolic = > (1 —|en(0)]) < oo

(= op — w a.e.)

Proof. Julia’s Lemma again!
In Right Half-Plane:
P ({Rew > 6})

C {Rew > §/¢'(w)}



Proposition

¢ hyperbolic = (1 —|pn(0)]) < oo

(= pn — w a.e.)

Proof. Julia’s Lemma again!

In U:

w = @r(0)|* < ¢'(W)™(1 = [pn(0)]?) < @' (W)™
Thus

1 — |pn(0)] < Jw—¢n(0)] < ¢ (w)™/?

hence (because ¢/(w) < 1)

> (1= 1en(0)]) < oo

n
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Fund’'l Question: ¢, — w a.e. for which ¢?

So far:
e False if ¢ inner, w e U.

e lrue if:
@ not inner, w € U, or

@ Oof hyperbolic type
(w e U, ¢'(w) < 1).

8. Question: ¢, — w for
@ of parabolic type? (¢'(w) = 1)

Parabolic Dichotomy:

< — W

Y-hyp. metric: p(z,w) =

1 —ZzZw

Say ¢ is of:
eAutomorphism type if
lim p(¢n(0), ¢p4+1(0)) >0

e Non-automorphism type if
lim p(©n(0), ¥p41(0)) =0
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Proposition ¢ of parabolic auto. type

= Z(l — lon(0)] <

(= ¢on —we U a.e.)

Proof. Linear Fractional Model Theorem
(Baker, Cowen, Pommerenke, 1980's)

40 : U — RHP holomorphic such that

cow =0+ 1b (3 beR).

00 pp =0 -4 indb (n=1,2,...)

(c(0) 4+ inb) a Blaschke sequence for RHP

=

(c(0)+4inb) = zero-set for some F € H®(RHP)
=

(on(0)) = zero-set of f .= F oo € H*(U)

=
Z(l — |en(0)] < []
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9. Fund'l Question: ¢, — w a.e.??

So far:
For w € U\{ “usual suspects” }: YES
For w € 0U—three classes of maps:

e Hyperbolic type (¢'(w) < 1): YES

e Parabolic auto type: YES
(o' (w) = 1, orbits separated)

e Parabolic non-auto type: YES & NO
(o' (w) = 1, orbits not separated)

YES: Parabolic, non-automorphic, LFT U —- U

NO: Singular inner function

go(z)=exp{2§;1}, w=1

Z(l—|@n(o)|:<>0:> ~ [pn —w a.e.]
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10. Inner Functions & Ergodic Theory
@ inner: 0U — OU

Definition. ¢ ergodic means:

foe=f = f=const. a.e

Theorem (Aaronson, Neuwirth, Pommerenke):
(W€ U, or

p ergodicon oU <= < ¢ of non-auto type
(we U, ¢'(w) =1,
orbits non-sep)

Invariant measure (dup~1 = du):

e my .= PFP,dn ifwelU (Nordgren '68)

dm(¢)

w — ¢

o V' (w) if we oU (Letac '77)

Birkhoff Ergodic Th. For finite mpt T':

T ergodic :>foT”—>/fdu (C,1) Vfe Ll(u)
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Birkhoff Ergodic Th. For finite mpt T':

T ergodic :>foT”—>/fdu (C,1) Vfe L(w)

Apply Birkhoff w/ f({) =¢
to ¢ with w € U:

on— [Cdmu(Q) =w (C1)

Conclude (¢r) does not converge a.e. on 90U.

Question. Also true for ergodic ¢ with w € oU?

Example. Te =z + 1 on Z U {co}
@ = counting measure on Z, u{oo} =0

T ergodic, but T"™ — oo a.e.

Aaronson (1978) NO:
3 ¢ ergodic (orbits nonsep.)
with ¢ — w a.e. (O (1 — |pn(0)] < o)
n
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